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Abstract

A stronger incumbent bidder can induce rival entry through a more informative stock price.
I study a takeover auction in which a potential rival bidder sees the target’s stock price before it
pays to prepare a bid. When the high class dominates the low class, stronger incumbents never
raise acquisition profit at any belief or narrow the target-payoff spread. On the main result’s
open set, entry rises, high-class ownership rises when a prepared high-class rival surely beats
the strong incumbent, and access to prices raises expected proceeds and net acquisition surplus
against the strong incumbent. Under the paper’s default tie rules, uninformative and informative
markets coexist exactly on a region of the spread and preparation threshold, informative entry
rising in the spread. At an even prior, where an indifferent informed trader may mix and the
threshold lies above the prior, research and entry rise with the spread until research caps in the
equilibrium in which a purchase after successful research recruits.



1 Introduction

At fixed information, a stronger incumbent bidder reduces a potential rival bidder’s expected return
from entry into a takeover contest. The rival must pay preparation costs before it can submit an
executable offer, and stronger competition lowers what that preparation earns (??). I study a force in
the opposite direction. Competition can make the target’s stock more informative about the rival,
and when the rival observes that price before it commits to acquisition preparation, the information
effect can outweigh the loss of acquisition profits. A stronger incumbent can then induce rival entry
and raise the probability that a rival from the high class acquires the target.

The setting is a listed target with a public sale opportunity. The incumbent is already prepared,
and the rival has not committed to the diligence that an executable proposal requires; Section 2.1
describes the decision interval in which the rival decides while the target’s stock trades. Incumbent
strength is the public distribution of the incumbent’s value; a stronger incumbent shifts it upward,
and the rival decides before any offer is announced.

The rival and target shareholders hold two claims on the same acquisition surplus: the rival
keeps what remains if it prepares, bids, and wins, and target shareholders hold the traded claim,
what the cash second-price auction pays them. The rival’s value comes from one of two quality
classes, high and low, the high class dominates the low class, and the classes fix the expected value
gap between them. By Proposition 1, a stronger incumbent never raises the probability that the
rival wins, and when the incumbent wins it pays the rival’s bid, so at least as much of the gap
reaches target proceeds; a rival that wins pays at least as much in expectation, so no more of the gap
remains as acquisition profit at every belief. Target shares therefore become at least as sensitive to
information about the rival at the same time as the rival’s own return to preparation falls weakly.

An outside informed trader with no net position in the target knows the rival’s class and trades
on that sensitivity. The trading stage is one order slot, with the alternative-arrival structure of ?:
with some probability the informed trader fills the slot, and otherwise a liquidity trader fills it with
a sale, a purchase, or no order. No one observes who placed the order, and a liquidity order can
match the informed trader’s direction, so no order reveals the class. Under every strategy of the
informed trader the posterior after every order stays inside fixed bounds, and the informed trader
keeps a residual advantage after every order; a larger gap in target proceeds can make that advantage
worth the cost of trade. Target shareholders gain when the price recruits entry, because a holder
through the sale receives sale proceeds, not the interim price.

The main result, Proposition 2, compares three economies on a nonempty open set of parameters:
one with a weak incumbent, one with a strong incumbent, and one with a very strong incumbent
against which recruitment stops. In each economy the equilibrium outcome is unique. With the

weak incumbent, the informed trader’s residual advantage cannot cover the trading cost, the price



reveals nothing, and only a zero-cost rival prepares. With the strong incumbent, the informed trader
buys after good news and sells after bad news, and a purchase brings in a high-cost rival, so entry
rises even though acquisition profit falls at the prior and at every other fixed belief that gives the
high class positive weight. When a prepared high-class rival beats the strong incumbent for sure,
the probability that a rival from the high class acquires the target rises with entry; if, in addition, a
low-class rival beats the weak incumbent with positive probability, the high class also wins a larger
share of the takeovers that go to a rival. With the very strong incumbent, the price stays informative,
but even the most favorable price fails to justify preparation at the high cost, so entry returns to its
floor.

The reversal comes from the change in information that competition induces. Competitive
market makers anticipate the preparation that each price induces, so the reversal holds under rational
pricing; when the informed trader’s orders stay fixed at their informative level while the incumbent
strengthens, a stronger incumbent cannot raise entry (Section 4.2).

As an illustration, in the example of Section 4.2, entry rises from one quarter at the weak
incumbent to 0.522757 at the strong incumbent, high-class ownership rises from one eighth to
0.324401, and the high class’s share of the takeovers that go to a rival rises from 0.545455 to
0.830691. Over the same change, gross acquisition profit at the prior falls from 4.804167 to
4.291667, while the target-payoff spread rises from 1/60 to 2/3. In the example, high-cost preparation
stops above the entry ceiling, the strength r¢ ~ 3.592659. At the example’s auction and costs and
the prior 1/2, the hypotheses of the main result hold exactly when 82/59 < u < 2686/1559, where
u is the informed presence mass relative to the liquidity mass in one direction; equivalently, the top
posterior at the prior 1/2 lies between the preparation thresholds of the strong and the very strong
incumbent, 141/200 and 4245/5804 (Corollary 1).

When target proceeds and acquisition profit are both higher with a high-class rival, trading and
preparation depend on the auction only through the target-payoff spread, which a stronger incumbent
never narrows, and the preparation threshold (Section 3.4). Under the paper’s default tie rules,
an uninformative market and an informative market coexist exactly when the threshold lies above
the prior and within reach of a purchase, with the spread large enough for a threshold-reaching
purchase to cover the trading cost but small enough that no order pays against an uninformative
price (Proposition 3; Section 4.3). Entry in the informative market moves only with the spread,
rising while class H mixes and staying constant once class H buys for sure. Coexistence with a
sure purchase forms one interval along any strengthening path, and the whole coexistence set is one
interval when class H’s gross profit exceeds the high cost against the weakest incumbent and the
product of the spread and that excess does not fall. As an illustration, in the example at the prior
1/2, coexistence runs from r4 ~ 1.393958 to ry =~ 1.747878, with class H buying for sure from
rr ~ 1.467127 (Corollary 2).



When the informed trader can pay for research, choosing the probability of success up to a cap at
a quadratic cost, research and entry rise together with the target-payoff spread until research reaches
its cap in the equilibrium in which a purchase after successful research recruits a high-cost rival,
under the paper’s default tie rules at an even prior (Proposition 4; Section 5). Where the spread
exceeds twice the trading cost and the preparation threshold lies above the prior, this equilibrium
exists exactly when the posterior after a purchase, at the research the informed trader chooses,
reaches the threshold. Selling on bad news leaves the rise in place: the low class abstains while a
sale cannot pay its cost, then sells just often enough to break even, adding nothing to the value of
research; a paying sure sale adds a second return. When class H outbids the incumbent, high-class
ownership rises with research. As an illustration, in the example the recruiting equilibrium has
research rising from 0.237901 at the strength 1.55 to 0.316683 at 1.65 and entry from 0.507630 to
0.519763, and zero research is also an equilibrium at those strengths (Corollary 3).

The rise in entry survives other distributions of preparation costs, with or without atoms, when
every low cost lies below gross profit at the bottom posterior against the strong incumbent and every
high cost lies between gross profit at the prior against the weak incumbent and gross profit at the top
posterior against the strong incumbent (Section 6.1). For uniform incumbents, every prior and every
pair of classes that satisfy the class ranking and differ above the reserve admit incumbent strengths
and costs at which the reversal holds (Section 6.2); with more than two classes, it holds under a
separation condition. At the prior 1/2, it also survives private signals that the rival and the informed
trader hold about different facts, under conditions on the costs (Section 6.3); in the signal example,
with its own costs and strengths, the rival’s signal is more accurate than the informed trader’s, and
the rise in that example needs both signals.

Under the hypotheses of Proposition 2, access to prices raises expected target proceeds and
acquisition surplus net of preparation costs against the strong incumbent (Section 7.1). Sale terms
shape both what a bidder pays when it wins and what the stock price can reveal before anyone
prepares. With a single value in each class and the incumbent’s highest value between them, an
alternative bargaining institution shows how the payment rule matters: the effect of competition on
the target-payoff spread depends on the weight the rule places on the runner-up’s value (Section 7.2).
A reserve that excludes the low class can make the price informative against both incumbents, and if
informed trade is then full and only a purchase recruits at both strengths, entry is flat in incumbent
strength (Section 7.3).

When the informed trader always buys after good news and always sells after bad news and the
prior lies below the preparation threshold, a purchase raises the price by more than a sale lowers
it, once each impact is weighted by how often its order occurs, exactly when the purchase recruits
the rival; the test needs only prices and order frequencies (Section 8). The difference comes from

the entry component of the price gap between a purchase and a sale; in the example at the strong



incumbent, that component is 90.2% of the price gap. Under the same trading pattern, a prepared
rival wins more often after a purchase than after a sale whenever the incumbent’s value sometimes
falls where a high-class value beats it with a higher probability than a low-class value, and where
entry stays at its floor after every order, orders predict the winner under the same condition, although
they do not predict entry. Under the same trading pattern, order counts identify the informed trader’s
presence when the prior is known and differs from one half, and at the prior 1/2 the sale impact
identifies it, given the payoff scale and entry at its floor after a sale and after no order.

The paper belongs to the literature on the real effects of financial markets (?). The closest
antecedent is ?, where a firm’s investment decision feeds back into the incentive to produce
information about its stock; here the sale rule divides acquisition surplus between a traded claim
and a rival that decides whether to prepare. ? show that corrective real decisions can discourage
trade on bad news under rational pricing; here the real decision is the rival’s entry itself.

Firms learn from peers’ stock prices (?), and target prices affect takeover activity (?); in this
model, the rival learns about its own acquisition value from the target’s price before it commits.'

The auction-entry literature makes the bidder pool endogenous (????). Under selective entry, a
bidder’s pre-entry information indexes the distribution of its value, and the payment of the entry cost
reveals the value (?).> Here the pre-entry information is the target’s stock price, a public price that
moves with the orders of an informed trader who observes the rival’s quality class. I keep the direct
deterrence force of the auction-entry literature and add a market that operates before preparation,
with the informed trader outside the auction and trading a payoff that differs from the rival’s profit.?

The informed trader in this paper is an outsider and earns only the trading residual. In other
work, an informed party can also hold a stake before a control decision: an acquirer can use liquidity
trade to conceal share purchases before a bid (?), large holders trade on their information (?), and
arbitrageurs’ positions can affect tendering (?).*

Section 2 sets out the model, and Section 3 derives the returns to information and the two
numbers through which trading sees the auction. Section 4 states the main results and introduces
the example. Sections 5 to 8 cover research, robustness, welfare and sale terms, and empirical

implications, and Section 9 concludes. Appendix A states Propositions 3 and 4, the three corollaries

Bidders also learn from announcement returns when they decide whether to complete a deal (?). That decision
comes after the entry margin of this paper.

20ne limit of this framework is a bidder that knows only the common value distribution before entry (?). The other
limit is a bidder that already knows its value (?). Selective entry also affects the choice of sale procedure (?), and auction
formats affect bidders’ incentives to acquire information (?).

3Recent work studies how bidders learn about their own values and about competitors (?), post-auction feedback in
security-payment design (?), and bidder-pool choice with correlated values (?). In takeovers, ? study negotiations with
stock-market feedback, and ? model payment choice and trade within an initiated deal; I hold cash consideration fixed
and study entry.

“Large holders also monitor or intervene as prices feed back to firm decisions (2, Section ILE; ?; ?). ? study
manipulation through the real decision that responds to the price.



and the results of Sections 6 to 8 in full, and proves every result.

2 The model

2.1 The decision interval

The model applies to a listed target whose sale opportunity is publicly understood while its stock still
trades and while a further bidder can still come in. A disclosed approach, an announced strategic
review, or an open contest can create such an interval if the opportunity becomes public before the
set of bidders is fixed; only then can a further bidder watch the price during the period that matters.
Section 8 states how to date this interval in a given transaction.

Within the interval, one bidder is already prepared; I call it the incumbent bidder, or the
incumbent. It is the party that approached the target or a bidder that has completed diligence, and its
strength is what the public can infer about its acquisition value from the disclosed record. A second
bidder, the potential rival bidder, or the rival, has not decided whether to prepare. Preparation
is required for an executable proposal: before a bidder can submit a binding offer, it must verify
the target’s contracts, liabilities, and technology, arrange financing and approvals, and commit
evaluation capacity that has other uses. Those costs are sunk once incurred, and they differ across
bidders, since prior familiarity, capacity already in place, or a small deal relative to the bidder’s size
make preparation cheap for some bidders and expensive for others. A rival that does not prepare
stays out of the sale, so its cost is an entry cost: payment reveals its value and permits a bid.

The informed trader and the rival know different things. The rival knows its own integration
plans, while an informed trader with sector expertise can know what the target’s customers do,
how its technology compares with alternatives, or how its product demand will change. These are
different facts about the same acquisition match, so a more accurate signal about one can leave
the other unknown. The model gives the informed trader exact knowledge of the rival’s quality
class and no further news about its value, and suppresses the rival’s initial information; Section 6.3
removes both extremes, and Section 5 makes the informed trader’s information the result of costly
research. The identity of the rival is common knowledge, and the market is uncertain only about
how well the rival fits the target.

Public incumbent strength is a distribution, not a bid. The record can reveal that a strategic
acquirer with clear synergies is at the table, or that the prepared party is a financial buyer with
a leveraged capital structure, and in each case it can stay silent on what either bidder would pay;
strategic and financial bidders differ systematically in their valuations (?). The model varies that
distribution and keeps the incumbent’s realized value private until it bids. Disclosure records also

document a costly preparation stage: Imprivata’s definitive proxy separates an unsolicited approach,



outreach to potential buyers, and indications of interest conditional on further diligence (?), and
takeover competition develops before public bids (??). Section 8 states how to test whether prices

draw bidders into that preparation stage.

2.2 Values, preparation, and the sale

The target’s known standalone value is normalized to zero, and acquisition values and preparation
costs are measured per target share. A common standalone component added to every ownership
outcome shifts prices and payoffs by a constant and leaves incentives unchanged.

All strategic agents are risk neutral. The target share is the only traded claim with information
about the acquisition match, and neither bidder trades it. The sale mechanism binds all target shares,
so shareholder tendering and holdout stay outside the model. The incumbent’s value distribution is
public when the sale opportunity becomes visible.

The target faces two potential acquirers. The incumbent has already prepared, incurs no further
entry cost, and knows its value before it bids. Its acquisition value R has a continuous distribution F
on [0, 7], conditional on public information when the sale process begins, and F' is extended by
unity above 7. A first-order stochastic shift of F strengthens the incumbent. A path is a family
{F,} of continuous incumbent distributions indexed by a strength r in an interval, in which F- is a
first-order stochastic strengthening of F,, whenever r’ > r, with everything else fixed.

The rival belongs to one of two quality classes, j € {H, L}, with prior 7 = Pr(j = H) € (0, 1).
Given its class, its acquisition value 6 has a distribution G; on [0, co) with a finite mean; atoms
are allowed. The probability that a class-j value falls below the reserve p is G;(p~), and
D(y) = Gr(y) — Gg(y) is the difference between the two class distributions at y.

The high class dominates the low class in the sense of first-order stochastic dominance. Both

class supports lie above the reserve, so that every value meets it:

Gu(y) <Gp(y) foreveryy, Gu(p™)=Gr(p™) =0. (D)

I call the two restrictions in (1) the class ranking.

Under the class ranking (1), competition never narrows the class difference in target proceeds,
whatever the incumbent distribution (Proposition 1). Appendix A.l characterizes the weakest
restriction of this kind: when neither class has a value atom at the reserve, that difference rises under
every strengthening exactly when the high class dominates above the reserve and the two classes fall
below it with equal probability, which I call equal admissibility. Section 7.3 studies a reserve that
excludes the low class, where equal admissibility fails. The structure is the selective-entry structure
of the auction literature: the class indexes the distribution of the rival’s value, preparation reveals

the value, and the stock price is the pre-entry signal.



The general statements need no normalization of money: a common positive rescale of every
value, the reserve, and every preparation, trading and research cost rescales prices and payoffs by
the same factor, while orders, beliefs, entry, and ownership do not change.

The rival initially knows neither its class nor its value. After it observes the stock price, it
privately learns its preparation cost C € {0, cy}, with Pr(C =0) = p,0 < p < 1,and cg > 0. The
low cost is zero: a zero-cost rival is a ready bidder whose diligence costs nothing at the margin. A
payment of C reveals 6 and permits a bid, and a rival that does not pay stays outside the sale.

The pair (j, 8), the incumbent’s value, the preparation cost, and the draws of the order slot in
Section 2.3 are mutually independent. The cost therefore carries no information about the class or
the value, and conditional on the class, the rival’s value is independent of the order.

Before trade, the seller publicly commits to a cash second-price auction with reserve p > 0.
The highest admissible bidder acquires the target and pays the larger of the reserve and the highest
competing admissible bid. A bid equal to the reserve is admissible, and there is no sale without
an admissible bid. Each prepared bidder whose value meets the reserve bids its value; this bid is
weakly dominant (Appendix A.1).

A prepared rival whose value is below the reserve does not bid. Without a rival, the incumbent
buys at the reserve when its value meets it, so expected no-entry proceeds are typ = p[1 — F(p)]:
the board collects its announced walk-away price from a lone prepared bidder whose value meets it.

Because F is continuous, acquisition-value ties have probability zero.

2.3 Trading: the order slot

The informed trader observes the rival’s class j. It is an outside party, such as a sector-focused
long-short fund. It holds no net position in the target before trade, has no control rights, and cannot
acquire the target. Its information concerns the rival’s fit with the target, and it forms that view from
its own research on the target’s customers, technology, and demand.

Trade takes place in one order slot, a single public order opportunity that comes before the
rival’s decision. With probability A € (0, 1) the informed trader fills the slot: it sees the class j
and chooses an order ¢ € {-1,0, 1}, and a nonzero order costs k > 0. With probability 1 — A a
liquidity trader fills the slot instead and, for exogenous reasons apart from the sale, sells, abstains,
or buys one unit with probabilities 8, 1 — 23, and 8, where 0 < 8 < 1/3.> A liquidity sale comes
from a current shareholder who sells for cash, a liquidity purchase from an outside investor, and an
abstention means that the opportunity passes with no order. No one observes who filled the slot, and

the identity draw is independent of the class, the costs, and the incumbent’s value.

3The posterior bound common to all orders, and through it the exclusion bound of Section 3.2, use 8 < 1/3. The
research parameter region and the slot-feasibility statements in identification range over the slots of the model. The
other results hold for every 0 < 8 < 1/2 (Appendix A.2).



Competitive market makers see the order X € {-1,0, 1}, set the price P = E[Vr | X], where Vr
is the terminal payoff of a target share, and absorb the order at that price; each share held at the sale,
market-maker inventory included, receives V7. If the informed trader fills the slot with order g, its

order is the whole order that market makers see, so it trades at the price P(g) and earns

q [Vr = P(q)] - klql. 2)

The unit is a normalized small trading unit. The cost & is a separate friction, such as an execution
cost or a cost to carry the position, and it is distinct from adverse-selection price impact, which the
competitive price already generates. The informed trader’s order after bad news is a short sale, and
k includes the cost to borrow shares.

A liquidity order in a given direction arrives with probability » = (1 — 1), and the ratiou = 1/b
is the informed presence mass relative to the liquidity mass in one direction; the number 1 + u is the
largest likelihood ratio that one order can carry. Section 3.2 shows that, under every strategy of
the informed trader, the posterior after every order lies between a bottom posterior m () and a top

posterior M (r):

(1l +u) T

M(m) = S ey gy

S a(l+uw)+1-n

3)

The bounds follow from one property of the slot: each class reaches each order through a liquidity
trader, so the informed trader keeps a residual advantage after every order.

The slot uses the alternative-arrival structure of ?, in which an informed order and a liquidity
order of the same size are alternative arrivals in one opportunity; in ?, a liquidity shock forces the
informed holder’s own sale, so a sale occurs on path for both motives. The unit order menu, the
presence probability, and the symmetric unit cost follow ?.° Risk-neutral market makers with zero
expected profit price each order, as in ? and ?. Here the terminal payoff depends on the price
through preparation.

Market makers observe the order X and nothing else. The rival observes the price P and its
own cost C, but not X, its class, its value, or the incumbent’s value; the informed trader observes
the class j and no further news about the value 6, and the incumbent knows its own value. The
sequence is as follows. The seller announces the sale rule. The informed trader learns the class, the

slot draw selects the informed trader with probability A and a liquidity trader otherwise, and the

The unit menu {-1, 0, 1} keeps every order on path, so no off-path belief enters the analysis. A menu of continuous
order sizes needs a convention for the sizes that no class uses in equilibrium, as in ?. Another route keeps every size on
path through additive liquidity flow: with Laplace noise of scale & and full unit orders, the largest likelihood ratio of a
favorable flow is e?/¢, where e is Euler’s number, printed upright to separate it from entry e(x), so the top posterior
equals the slot’s M(7) when 1 + u = ¢*/¢. The two set-ups then share the posterior bounds, and they differ in the
probability with which each class reaches the top posterior.



selected trader places its order. Market makers set the price from the order, and the rival observes
the price and its cost and decides whether to prepare. A rival that prepares learns its value. The
incumbent and a prepared rival then submit their bids, and ownership and financial payoffs are

realized. Section 5 adds a research stage before the informed trader learns the class.

2.4 Equilibrium

An equilibrium specifies, for each class, a distribution over the three orders; the market makers’
posterior u(x) = Pr(j = H | X = x) and price P(x) after each order x; the rival’s belief at each
price; its preparation choice at each price and cost; and truthful bids. The informed trader can mix,
and wrong-signed orders are allowed. Every order has positive probability in both classes, because a
liquidity trader can place it, so Bayes’ rule gives a posterior after every order. Prices are competitive.
A high-cost rival prepares when gross profit at its belief exceeds ¢y and stays out when it falls short,
and a zero-cost rival, whose gross profit is an expected auction rent and never negative, prepares

after every price. The informed trader’s order maximizes

Uj(q) = q [to + e(q)(1; — t0) = P(q)] - klg|

at the candidate’s prices and entry, where e(q) is entry after the order ¢, the probability that the rival
prepares after the price P(q); t; is expected target proceeds after entry in class j, and fg is expected
target proceeds without entry. Definition A.1 in Appendix A states the six conditions in full.

For a known value 6 of the rival, expected target proceeds after the rival prepares are #(6),
and the rival’s expected gross acquisition profit is g(6); as before, 7 is expected target proceeds
without entry. The class objects are expectations over the class distribution, ¢; = E;[¢(0)] and
g =E;[g(0)] for j € {H, L}, and the target-payoff spread is Ay = ¢ty — 7. Bids are truthful, so
these objects depend on the incumbent’s distribution and the reserve but not on any belief. At a
belief u = Pr(j = H), the rival’s expected gross profit is B(u) = g + u(gy — g1), because its
value depends on the price only through its class. When the incumbent’s distribution matters, I write
g;(F), Ar(F), and Br; along a path, I write g;(r), Ar(r), and B, for the objects at F,.

The informed trader’s objective takes the expected terminal payoff of a target share given class
J and order g as tp + e(q)(t; — ty), because entry depends only on the price and the cost, and the
cost is independent of the class and the order. The same independence, with Bayes’ rule, turns the
competitive price into

P(x) =ty +e(x) [tL—to+AT,u(x)]. 4)

The ex ante payoft of the informed trader multiplies U; by A, and this factor leaves the best order
unchanged.

10



When ties arise, an indifferent informed trader may mix over its best orders, and an indifferent
high-cost rival prepares. I call these the default tie rules; the other two are that an indifferent
informed trader abstains and that an indifferent high-cost rival may prepare with any probability.
Where another tie rule changes a conclusion, the appendix states the change beside the result, and
Table A.3 in Appendix A.4 collects the changes for coexistence in the example at the prior 1/2.

A unilateral deviation by the informed trader changes only its own order and faces the candidate
equilibrium’s price function and entry rule, so the deviation payoff is U;(g) read at the candidate’s
P(q) and e(q). A comparison across economies, such as across incumbent strengths, solves for the
equilibrium again in each economy.

Entry E is the probability that the rival prepares, and high-class ownership O is the probability
that a rival of class H acquires the target. The probability that a prepared rival of class j wins against
the incumbent distribution F is W;(F) = E; [F (0)1{6 > p}] , and class H outbids the incumbent
F when Wy (F) = 1, so that a prepared class-H rival beats it for sure. Entry in class j, e;, is the
probability that the rival prepares given class j, and class H’s takeover share is the probability that

the rival is of class H, given that the rival acquires the target.

3 Competition and information

3.1 Acquisition profits and target value

The auction determines both the return to preparation and the claim that informed traders trade.
Consider a prepared rival with value 6 > p. If it wins, it pays max{p, R}; if it loses, the incumbent
pays 6. The target therefore receives max{p, min(R, #)}, and the rival keeps (8 — max{p, R})+. A
prepared rival with 8 < p cannot bid, and the target then receives the reserve if the incumbent’s
value meets it, exactly as without entry. For every value at or above the reserve, the two expected
amounts add up to the value:

t(0) +g(6) =0, 0>p.

The second-price rule passes the whole value of an admissible rival to the target and the rival
together. An admissible value also raises proceeds to at least the reserve, so #; > 1 for both classes.
A stronger incumbent never raises the probability that a prepared rival wins, and when the
incumbent wins it pays the rival’s bid. Proposition 1 shows that it weakly lowers acquisition profit at
every fixed belief and weakly raises the sensitivity of target proceeds to the quality of the rival, for

every continuous incumbent distribution; the second effect uses the class ranking (1).

Proposition 1 (Competition and the two returns to information). Let the incumbent’s value have a

continuous distribution F on [0, 7], extended by unity above 7. For any classes Gy, G 1, with finite
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means, .

Ar(F) = pF(p)D(p) + / [1- F(;)] D(y) dy.

o P (5)

¢, (F) = / (-G, Fy)dy,  je{H.L).
)4

Let F < F be a continuous first-order stochastic strengthening of F.

(a) For every pair of classes, the strengthening weakly decreases gy and g1, and hence gross

acquisition profit at every fixed belief.
(b) Under the class ranking (1), the strengthening weakly increases the target-payoff spread.

The decrease in g; is strict when fpoo [1-G;(0)I[F(y) - F(y)] dy > 0. The increase in (b) is strict
when fpoo[F(Y) ~ F(y)]D(y)dy > 0.

At one incumbent value R that meets the reserve, the target receives min{ R, max{6, p}}, and
the expected class difference in proceeds is fp R D(y) dy. Each slice D(y) dy of the class value gap
at a level y > p reaches the target when the incumbent outbids the rival at that level and pays its bid,
and it stays with the rival otherwise.

A stronger incumbent moves slices to the target, and under the class ranking it never narrows
the spread and never raises acquisition profit. The reserve adds one term: below the reserve, only
an admissible rival buys, at p, and the class difference is pD(p~). A stronger incumbent fails the
reserve less often, so that term shrinks, and it can outweigh the moved slices when the low class is
more often inadmissible. Under the class ranking (1), every value meets the reserve, and the term is
zero. Appendix A.l gives the proof and adds a part (c): when neither class has a value atom at
the reserve, the spread weakly increases under every strengthening of every continuous incumbent
distribution if and only if the high class dominates above the reserve and the classes have equal
admissibility (Section 2.2).

The sum of the two lines of (5) under the class ranking (1) is

Ar(F) + gn(F) — gL(F) = Ey[max{6, p}] — Er[max{6, p}].

The identity holds for every incumbent distribution, and its right side does not depend on the
incumbent. A stronger incumbent leaves the value gap between the classes unchanged; it moves the
gap from the rival’s profit to target proceeds.

A stronger incumbent therefore never narrows the spread and never raises gross acquisition profit
at any belief. Whether entry rises depends on how this change in payoffs affects the information in

the price.
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3.2 What the rival learns from the price

The rival sees one price. A liquidity order in the same direction is always possible, and this bounds
what any order can reveal. Each class reaches a given nonzero order through a liquidity trader
with probability b, and the informed trader adds at most A, so the likelihood ratio of the order lies
between 1/(1 + u) and 1 + u. By Bayes’ rule, the posterior after every order lies in the interval
[m(m), M(m)] of (3), under every strategy of the informed trader, mixed or pure; when the high
class buys and the low class sells, the posteriors after a sale, no order, and a purchase are m(n), «,
and M (r). The rival’s belief at a price averages the posteriors of the orders with that price, so it
obeys the same bounds. No price can therefore support a preparation decision that needs a belief
above the top posterior. This gives the exclusion bound: when gy > g, gross profit does not fall
with the belief, so once gross profit at the top posterior falls below ¢y, no order recruits a high-cost
rival, in or out of equilibrium.

When gy > g1, gross profit covers the high cost exactly when the belief reaches the preparation
threshold 7 = (cy — g1)/(gn — g1): B(u) = cy if and only if u > 7. Along a path I write 7(r). A
zero-cost rival prepares after every price, so entry after every order is at least p, and competitive
pricing gives (4). When the classes differ in target proceeds, the price rises strictly with the posterior.
Suppose two orders have one price. Entry after them is the same, because entry depends on the
order only through the price, and at least p; the price formula then gives the two orders the same
posterior. The rival therefore reads the market makers’ posterior from the price, and its gross profit
at the price P(x) is B(u(x)), so high-cost preparation follows exactly the orders whose posterior
reaches 7. Appendix A.2 gives the formal statements and their proofs.

The zero-cost rival gives each step its floor: entry stays at least p, so the price reveals the
posterior, and the gross return of a correctly signed order stays at least a fixed share of the spread,
the trading bound of Section 3.3. Its preparation does not respond to the price, so information can

only add entry.

3.3 Informed trading

Rational pricing removes the anticipated increase in proceeds from the informed trader’s advantage.

What remains is the gross return of a purchase in class H and of a sale in class L,
Kp=e()Ar[1-pu(D)],  Kp=e(=1)Aru(=1),  p«(n)Ar <Ky, K < Ar,

with k(1) = min{m(x), 1 — M(m)}. A wrong-signed order earns at most —k, so it never pays. Class
H buys when Ky exceeds k and abstains when it falls short, and class L compares K; with k in the

same way.
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Market makers price the entry response, and the posterior bounds of Section 3.2 leave some
uncertainty about the class after every order. The informed trader’s gross return is the entry
probability times the spread times that residual uncertainty. The lower bound uses the entry floor p
and the posterior bounds, and the spread bounds the return from above. Both bounds hold under
every candidate profile, mixed or pure, and their comparison with k£ decides when information
survives in equilibrium.

Since 1 — M (7r) = m(1 — xr), the bound takes the form «(7r) = m(min{x, 1 — n}). It is largest at
the prior 1/2, where it equals m(1/2) = 1/(2 + u), and smaller at every other prior. The class that
the prior favors binds, because the price already leans toward it.

The no-entry proceeds 7y cancel from each return, because they move the price and the terminal
payoff together; the terms that matter are the entry gains ¢ty — 9 and 7, — t9, which are nonnegative.

Each return depends only on the posterior and entry after its own order, so entry after the zero
order enters no payoff, and the informed trader’s problem splits by class. Appendix A.2 gives the
formal statement and proof of the trading bound, and the coexistence results of Section 4.3 rest on

this split.

3.4 What the market sees of the auction

When the spread is positive and class H’s gross profit exceeds class L’s, the informed trader’s orders,
the market makers’ posteriors and the rival’s preparation depend on the auction only through the
target-payoff spread Ar and the preparation threshold 7. The spread sets what an informed order
earns at each posterior and level of entry, and the threshold sets which posteriors recruit a high-cost
rival. Two auctions with the same spread and the same threshold, and with every other primitive
and the tie rules the same, therefore have the same equilibrium orders, posteriors and entry, and,
when the informed trader chooses research, the same research. Prices add the levels 7y and ¢, and
ownership adds which bidder wins, so results on ownership carry class H’s chance of beating the
incumbent.

A stronger incumbent never narrows the spread (Proposition 1). It never lowers the threshold
while a rival known to be in class L earns at most its high preparation cost, g; < cpg: it never
raises class L’s profit and never widens the profit gap between the classes, so a rival needs at least
as favorable a belief before preparation at the high cost pays. Along a path, once g; < cy holds,
it holds against every stronger incumbent. Coexistence in Section 4.3 and research in Section 5
are statements about these two numbers, and Appendix A.2 gives the formal statements and their

proofs.
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4 Equilibrium results

4.1 Competition creates competition

The main result compares three economies that differ only in incumbent strength. Against the weak
incumbent the price carries no information and only a zero-cost rival prepares; against the strong
incumbent the price is informative and a purchase recruits a high-cost rival; against the very strong
incumbent the price stays informative, while entry returns to its floor. I write Fy, F; and F; for the

three incumbent distributions.

Proposition 2 (Competition creates competition). Let the classes satisfy the class ranking (1) and
have finite means, let F| be a continuous first-order stochastic strengthening of the continuous
incumbent distribution Fy, and let F, strengthen F| in the same sense. Fix 0 < m,p,A < 1,
0<B<1/2 cyg>0andk >0. Write A\; = Ar(F;), B = Br,, and to; and ty ; for the proceeds t
and ty, against F;, with b = (1 — 2)B and k() = min{m(x), 1 — M(n)}. Suppose that

(H1), the high-cost window: Bo(m) < cy < Bi(M(n)),
(H2), the trading-cost window: Ay < k < pk(m)Ay,
(H3), the exclusion condition: By(M(n)) < cg.

Each economy has a unique equilibrium outcome under all four tie rules.

(i) The weak incumbent Fy. Both classes abstain, every posterior equals n, entry is p, and all

orders share the price tyo + p[tro — to,o + Aorr]. High-class ownership is t1pWg (Fp).

(ii) The strong incumbent Fy. Class H buys and class L sells with probability one. The posteriors
after (-1,0,1) are (m(n), n, M(n)), and entry is (p, p, 1). Prices rise strictly in this order.

Class entry and total entry are
ey =p+(1-p)(b+2), er =p+(1-p)b, Ei=p+(1-p)(b+7nd) > p.

High-class ownership rises exactly when egWy(Fy) > pWg(Fy). Class H'’s takeover share
rises exactly when
eaWr(F1)WL(Fo) > e Wy (Fo)WL(F). (6)

If class H outbids the stronger incumbent, Wy (Fy) = 1, it also outbids Fy; high-class ownership
rises from mp to wey, and its takeover share is nondecreasing, strictly exactly when Wy (Fy) > 0.

If Wi (Fy) = O, that share is one against both incumbents.

(iii) The very strong incumbent F,. The orders and posteriors are those of part (ii), entry is p after

every order, and the three prices differ. High-class ownership is tpWy (F>).
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Against each F;, with u;(x) and e;(x) the posterior and entry after the order x, prices are
Pi(x) = to; + ei(x)[tr; — to; + Aipi(x)], the price belief is u;(x), high-cost preparation is
[ei(x) — p]/(1 = p), and bids are truthful.

The high-cost window (H1) sets entry through acquisition profit: gross profit at the prior falls
short of the high cost against Fy, so an uninformative price recruits no high-cost rival, while gross
profit at the top posterior exceeds the high cost against £, so a purchase can recruit one. The
trading-cost window (H2) fixes trading before any order profile is known: by the trading bound of
Section 3.3, every correct order earns at most Ay (Fp) — k < 0 against the weak incumbent and at
least px(m)Ar(F1) — k > 0 against the strong incumbent, so a correct order cannot cover the trading
cost in the first economy and covers it in the second. The exclusion condition (H3) stops recruitment
against F,, where gross profit at the top posterior falls short of the high cost (the exclusion bound of
Section 3.2).

The trading-cost window is nonempty exactly when A7 (Fy)/Ar(F;) < pk(m), that is, when
competition widens the target-payoff spread enough between the two incumbent distributions. The
condition involves the two distributions, the classes, p, the order slot and &, and no unit of money, and
a prior away from one half narrows the window, since « () falls when the price already leans toward
the favored class. Section 4.2 shows that (H1)—(H3) hold together on an open set of parameters.

The additional entry favors the high class, which places a purchase with probability » + A, while
the low class places one with probability . High-class ownership multiplies entry in class H by
class H’s chance of beating the incumbent, and a stronger incumbent can lower that chance when
class H can lose. The ownership condition in part (i1) holds whenever the stronger incumbent leaves
the high class a good chance to win, (1 + p)Wg(F) > 2pWg(Fy) > 0, and the high class places
a purchase more often than not, b + 4 > 1/2. When class H outbids F1, its chance to win is one
against both incumbents, so ownership rises with entry in class H; the stronger incumbent then takes
wins only from the low class, and when a low-class rival can beat the weak incumbent, the takeovers
that go to the rival shift toward class H.

Values and costs alone give outbidding when class H has a decisive advantage on a family of
incumbent distributions: against every distribution in the family at which class H’s gross profit
exceeds cy, class H outbids the incumbent. When gy > g1, a price recruits a high-cost rival only
where class H’s gross profit exceeds cy, because gross profit at every posterior below one falls
short of gg. Under a decisive advantage, (H1) therefore gives Wy (F}) = 1, and the takeover-share
statement of part (ii) applies.

Part (iii) completes the pattern, in which entry first rises and later falls as the incumbent
strengthens. Against the very strong incumbent even the top posterior fails to justify high-cost
preparation, while trading stays informative, and Section 4.3 describes where uninformative and

informative markets coexist between the three economies. Appendix A.3 gives the proof and the
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three equilibrium tuples. Every comparison behind the result is strict, so the unique outcome in

each economy is the same however ties are broken.

4.2 The example and the fixed-information control

The numbers and figures of the paper come from an example. In it, the two classes are point masses:
Gy puts all its masson 2 = 10 and G on ¢ = 1, so the class and the value coincide. The incumbent
is uniform on [0, 7], so an increase in r strengthens it and the strengths form a path. The prior
is 1 = 1/2, the reserve p = 1/2, the zero-cost probability p = 1/4, the high cost cy = 6 and the
trading cost k = 1/50, and money is measured in units of the low value. The weak, the strong and
the very strong incumbent have the strengths ro = 6/5, r; = 3 and r, = 18/5. Values, the reserve

and every strength of the path satisfy
O<p<l<r<h. (7)

In the example’s slot the largest likelihood ratio of an order is 1 + u = e, and the liquidity
probability is B = 0.294655, a value inside the model’s domain 8 < 1/3. At the prior 1/2, whether
(H1)-(H3) hold depends on the slot only through u (Corollary 1), and S then fixes the presence
probability A = uf/(1 + uB) = 0.336122, with b = 0.195615, and the posterior bounds at the prior
are M(1/2) =e/(1+e) =0.731059 and m(1/2) = 0.268941; Appendix A.9 lists these values and
the arithmetic behind each. With the example’s classes and reserve, (H1)—-(H3) are strict inequalities
between continuous functions of (rg, r, 72, ¢y, k, p, 7, 4, B), so they hold on an open set of these

parameters that contains the example.

Corollary 1 (Recruitment and ownership in the example). In the example at the prior 1/2, (HI)-(H3)
hold if and only if 82/59 < u < 2686/1559, that is, if and only if the top posterior lies between the
preparation thresholds of the strong and the very strong incumbent, T(r1) = 141/200 < M(1/2) <
4245/5804 = 7(ry). When 1 + u = e, as in the example’s slot, they hold if and only if the prior lies
between =~ 0.467850 and ~ 0.500424. On this set class H outbids every incumbent on the path,
entry rises from p atro to p + (1 — p)(b + nd) at ry and returns to p at rp, and high-class ownership
rises from p to w[p + (1 — p)(b + A)].

Table 1 reports the acquisition payoffs, and the two forces move in opposite directions from rq
to r1: gross acquisition profit at the prior falls from 4.804167 to 4.291667, while the target-payoff
spread rises from 0.016667 to 0.666667. In the example’s slot, entry rises from 0.250000 at r(
to 0.522757 at ry, and high-class ownership from 0.125000 to 0.324401. Class H outbids every
incumbent on the path, because & exceeds r», and the strong incumbent takes wins only from the

low class, so class H’s takeover share rises from 0.545455 to 0.830691. At r; entry returns to

17



Table 1. Acquisition payoffs in the example.

ro=6/5 ri=3 rp =18/5

Proceeds without entry, 7 0.291667 0.416667 0.430556
Proceeds with a high-class rival, ty  0.704167 1.541667 1.834722
Proceeds with a low-class rival, 7z, 0.687500 0.875000 0.895833

Target-payoff spread, Ay 0.016667 0.666667 0.938889
Gross profit of class H, gy 9.295833 8.458333 8.165278
Gross profit of class L, g, 0.312500 0.125000 0.104167
Gross profit at the prior, B, (1/2) 4.804167 4.291667 4.134722
Preparation threshold, 7(r) 0.633117 0.705000 0.731392

Notes. Point-mass classes & and €, reserve p, incumbent uniform on [0, r]. The entries follow from equation (8).
They do not depend on the slot.

0.250000 and the three prices still differ; Table 3 lists the three equilibrium tuples. With point-mass
classes and a uniform incumbent of any strength, class H has a decisive advantage exactly when
cu > (h? = p?)/(2h), and the example’s high cost exceeds (A% — p?)/(2h) = 399/80: against every
uniform incumbent at which a price recruits a high-cost rival, class H outbids the incumbent.

In the example, integration over R gives

2
p ro.p
to=pl|l - —), ==+ —,
0=P ( r H=2 "2
2 - p? rop?
(o= (- , _p-L o (8)
L 2r sH 2 2r
> — p? (r — 0)?
= A =
3L 5 7(r) 5
with the derivatives
, 22 / »’ , 2 - p?
AT(V) §_ﬁ>0, gH(r):—§+ﬁ<O, gL(r)—— 2r2 <0, (9)
and the preparation threshold
2rcy — (€2 = p?)
7(r) = .

2rh —r? -2
The right side of the class-gap identity of Section 3.1 is & — £ at every r. The spread approaches
zero as r approaches ¢, since the incumbent then almost never outbids a class-L rival, and Table 1
reports both numbers at the three strengths.

Appendix A.3 states Corollary 1 in full. Below the band a purchase at r; does not recruit a
high-cost rival, and above it a purchase recruits at r,, so the exclusion condition fails; far above

it the trading-cost window fails at r;. Table 2 gives the recruitment region in decimals, with the
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Table 2. The recruitment region in the example.

Parameter Region Example
Mass ratio u (1.389831,1.722899) 1.718282
Top posterior M (1/2) (0.705000,0.731392)  0.731059

Presence A at 8 = 0.294655 (0.290539,0.336721) 0.336122
Presence A at the largest 8 (0.316602,0.364797)

Prior 7, all three parts (0.467850,0.500424) 172
Prior 7, parts (i) and (ii) (0.467850,0.633117) 1/2
Liquidity probability S8 (0,1/3] 0.294655

Notes. The example’s auction and costs, strengths rg, 71, r2. Rows 1 to 4 fix the prior at 1/2; rows 5 and 6 fix
1 +u =e. Rows 1 to 5 give the ranges on which (H1)—(H3) hold, and row 6 gives the range for (H1)—(H2).
Row 7 gives the model’s liquidity domain at the example’s likelihood-ratio bound. Decimal endpoints are
rounded to six places; Corollary 1 in Appendix A.3 gives the exact endpoints, and Table A.6 in Appendix A.9
gives the example’s distance to each boundary.

example’s slot; Table A.6 in Appendix A.9 gives its distance to each boundary.

Both ends of the band are preparation thresholds: the lower end 7(r}) is the belief that a purchase
needs to recruit a high-cost rival against the strong incumbent, and the upper end 7(r;) is the belief
at which a purchase would still recruit one against the very strong incumbent. The threshold rises
slowly with strength, and this sets the width of the band: class H outbids every incumbent on the
path, and its expected payment /2 + p?/(2r) rises by less than one half per unit of strength, a
change that is small next to the gap gy — g1 in Table 1.

Gross profit at every belief falls strictly with strength above ¢, so the exclusion condition (H3)
holds at every strength in (r¢, h), where the entry ceiling r¢ ~ 3.592659 is the strength at which
7(r) = M(1/2); parts (i) and (ii) of Proposition 2 hold without the exclusion condition. Table A.6
in Appendix A.9 records every hypothesis and its positive margin in the example.

Figure 1 shows the preparation threshold along the path: the prior lies below it at every strength,
so an uninformative price never recruits a high-cost rival, and the threshold rises with strength until
it meets the top posterior at the entry ceiling r¢, just below r,. Panel (b) shows the band of Table 2
for the top posterior (Corollary 1).

Holding the information in the price fixed while the incumbent strengthens removes the reversal.
The experiment fixes the distribution of the class and of a signal that the rival observes, the class
value distributions and the cost distribution. Given the class, the signal tells the rival nothing more
about either value. Its own value depends on the signal only through the class; the incumbent’s value
is independent of the class and the signal, and the two values are independent given the class and
the signal. The cost is independent of the class, both values and the signal. A stronger incumbent

then can only lower entry, for every such experiment and every independent cost distribution
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Figure 1. Beliefs and the entry ceiling in the example.

Notes. Panel (a) plots the preparation threshold 7(r) against incumbent strength r. The gray band covers the posteriors
that a strategy of the informed trader can produce, from m(1/2) to M(1/2). The entry ceiling r¢ is the strength at which
7(r) equals M(1/2). Panel (b) enlarges the strengths from r; to r;. Its blue band holds every top posterior M (1/2) that
puts r¢ between r; and r;; the example’s value lies 0.000334 below the upper edge 7(r»).

(Proposition A.2 in Appendix A.6 gives the formal condition): it lowers gross profit at every belief,
so it can only remove a preparation incentive, and entry falls by exactly the probability that the cost
lies between gross profit against the two incumbent distributions.

In the order slot the experiment fixes 4, 8, 7, the cost distribution and both order distributions, and
competitive prices then reveal the same posterior after each order at every strength (Appendix A.2).

Panel B of Table 3 holds full orders fixed at both strengths. Only the top posterior can recruit a
high-cost rival, because the preparation threshold 7(r) exceeds the prior at every strength, so entry
is 0.522757 at every strength up to the entry ceiling r¢ = 3.592659 and p above it. Entry falls by
the probability that the cost lies between gross profit at the two strengths, which is 0 from r¢ to r;
and 0.272757 from r; to ro (Proposition A.2): with information fixed, entry stays constant from r
to r1 and falls above the entry ceiling.

Panel C hides the price from the rival, which then decides on its prior and prepares only at zero
cost, so entry stays at 0.250000 at both strengths even though the informed trader trades fully at ;.
The two controls together locate the reversal in the information that trading generates: incumbent
strength changes that information, and the entry response to it exceeds the direct deterrence effect of

a stronger incumbent at fixed information.

20



Table 3. Equilibrium outcomes and information controls in the example.

r0:6/5 1”123 7'2:18/5
Panel A. Equilibrium (Proposition 2)
Informed orders, classes H and L (0,0) (1,-1) (1,-1)
Posterior after a sale 0.500000 0.268941 0.268941
Posterior after no order 0.500000 0.500000 0.500000
Posterior after a purchase 0.500000 0.731059 0.731059
High-cost preparation none after a purchase none
Price after a sale 0.392708 0.576074 0.610002
Price after no order 0.392708 0.614583 0.664236
Price after a purchase 0.392708 1.362372 0.718471
Entry E 0.250000 0.522757 0.250000
High-class ownership Oy 0.125000 0.324401 0.125000
Expected target proceeds 0.392708 0.872531 0.664236
Panel B. Full orders held fixed (Proposition A.2)
Entry E 0.522757 0.522757
High-class ownership Oy 0.324401 0.324401
Expected target proceeds 0.503998 0.872531
Panel C. The rival does not see the price
Informed orders, classes H and L (0,0) (1,-1)
Entry E 0.250000 0.250000
High-class ownership Oy 0.125000 0.125000
Expected target proceeds 0.392708 0.614583

Notes. The example. Panel A: the unique equilibrium at each strength. Panel B: full orders imposed at both
strengths; at 7 this profile is a control, not an equilibrium. Panel C: the unique equilibrium when the rival
decides on its prior. Panels B and C compare ry with ry; at r, the full-order profile is the equilibrium of Panel
A.
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4.3 Coexistence

Between the weak and the strong incumbent of Proposition 2, two equilibria can hold against the
same incumbent. In an uninformative market the informed trader does not trade, the price carries no
information, and entry stays at its floor; in the informative market that coexists with it, a purchase
recruits a high-cost rival. The two numbers of Section 3.4 decide where both exist: the threshold
must lie above the prior and within reach of a purchase, and the spread must be wide enough that a
purchase that just reaches the threshold covers the trading cost, yet narrow enough that no order

against an uninformative price earns more than it.

Proposition 3 (Uninformative and informative markets). Let the classes satisfy the class ranking (1),
let0<n<1,0<p<1, k>0andaslot (4,B) be given, and let an indifferent informed trader
mix over its best orders and an indifferent high-cost rival prepare. Take an incumbent distribution

with a positive spread Ar and gy > g1, and write T for its preparation threshold.

(a) An uninformative market and an informative market coexist if and only if

k k
<Ar< .
pmax{m, 1 —n}

n<1<M(nm),
-7
The informative market is then unique: class L abstains, only a purchase recruits a high-cost

rival, and entry is
(1 - 71') b AT

k

which rises strictly with the spread while class H mixes between a purchase and abstention

p+(1—p)min{ , b+ﬂ/l},

and is constant once class H buys for sure.

(b) Along a path of such distributions, the strengths at which an uninformative market coexists
with an informative market in which class H buys for sure form an interval, and every other
strength with coexistence lies below it. Every gap in coexistence lies at spreads too narrow for

a sure purchase to pay.

(c) Along a path on which the product of the spread and gy — cp does not fall with strength, the
strengths with coexistence form an interval, at every prior. Uniform incumbents on [0, r], with
r in a closed interval above the reserve, satisfy this condition when every low-class value
lies between the reserve and the lowest strength, every high-class value is at least the highest

strength, and class H’s mean value exceeds the highest strength by at least cy.

Coexistence comes from the entry response itself. In an uninformative market entry stays at its
floor after every order, so an informed order earns at most p max{x, 1 — 7} times the spread, and

the upper bound on the spread keeps that from exceeding the trading cost. An informative market
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changes the entry response to a purchase, and with it the return to trade: a purchase that reaches the
threshold recruits, and the lower bound on the spread lets it cover the trading cost.

Entry rises with the spread while class H mixes, because the purchase rate adjusts. While
class H mixes, a recruiting purchase earns exactly the trading cost, so a wider spread needs a more
informative purchase; the purchase rate rises, and entry rises with it until class H buys for sure.
Entry depends on the incumbent only through the spread, so between two incumbents at which the
markets coexist, entry in the informative market is at least as high against the one with the wider
spread.

A stronger incumbent never narrows the spread, and where the threshold is positive it never
lowers the threshold, so the two numbers pull in opposite directions: a wider spread raises what
a recruiting purchase earns, and a higher threshold makes recruitment harder. As the incumbent
strengthens, the economy can enter the region, leave it, and enter it again. The strengths with a sure
purchase are never split, because each condition that defines them holds on one side of a single
strength, and a mixed purchase needs a narrower spread than a sure one, so the other strengths with
coexistence lie below them. When class H’s gross profit exceeds the high cost against the weakest
incumbent, the whole set stays in one piece if the spread grows, in proportion, at least as fast as that
excess shrinks; part (c) states the condition as a product, which does not fall.

The example satisfies the condition of Proposition 3(c): its incumbent is uniform, ¢ lies between
p and rg, and h exceeds r, by more than cy, so at every prior the strengths with coexistence form one
interval. At the prior 1/2 the interval starts at r4, where a purchase that just reaches the threshold
and recruits earns the trading cost, and it ends at r, where a unit order against an uninformative
price earns the trading cost. Class H buys for sure from rr, where a full purchase that recruits earns

the trading cost.

Corollary 2 (Coexistence in the example). In the example at the prior 1/2, let the slot lie in
the band of Corollary 1, and let an indifferent informed trader mix over its best orders and an
indifferent high-cost rival prepare. An equilibrium exists at every strength of the path from rq to
ro, and the strengths at which an uninformative market and an informative market coexist form the
interval [ra,ry]. In the informative market that coexists with an uninformative market, entry is
o+ (1 — p)min{bAr(r)/(2k), b + 1/2}; it rises strictly on [ra,rr] and is constant on [rg,ry].
With a full purchase, entry keeps this value up to the entry ceiling rc and equals p above it.

In the example’s slot, coexistence runs from r4 ~ 1.393958 to ry ~ 1.747878, and class H
buys for sure from rp ~ 1.467127. Between r4 and rg class H buys at the rate b [Ar(r)/k — 2],
which rises with the spread until it reaches A at rg, so entry in the informative market is 0.454185
atru, 0.459588 at 1.40 and 0.506112 at 1.45; from rr it stays at 0.522757 up to the entry ceiling

re ~ 3.592659. Above ry the informative market with a full purchase remains, and on (ry,ry),
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Figure 2. Entry and the coexistence region along the example’s path.

Notes. The example at the prior 1/2, when an indifferent informed trader may mix over its best orders and an indifferent
high-cost rival prepares. Panels (a) and (c) show entry against incumbent strength 7 in each equilibrium of Corollary 2.
Panel (a) covers the path from ry to r;, and panel (c) enlarges the strengths around the coexistence interval, which the
blue band marks from r4 to r. The figure labels an uninformative market by N, a mixed purchase that recruits by
R, a full purchase by F, mixed orders at the entry floor by Q and the threshold pair by T. The thin dashed line is the
threshold pair T. At 4 its purchase recruits with probability one, and it is an equilibrium under the default tie rules; on
(ra,ry] it is an equilibrium when an indifferent high-cost rival may prepare with any probability. With a full purchase
the low class abstains up to 7, mixes from ry to rg, and sells with probability one from rg; above the entry ceiling
rc, entry with a full purchase equals p. Panel (b) draws the region of Proposition 3(a) at the example’s slot, in the
plane of the target-payoff spread Ay and the preparation threshold 7: 1/2 <7 < M(1/2) and k/(1 — 1) < Ay < 2k/p.
The dotted lower edge, where 7 equals the prior, lies outside the region, and the other three edges belong to it. The
dashed line Ay = k/(1 — M(1/2)) divides the mixed purchase R, on its left, from the full purchase F. The curve traces
(Ar(r),7(r)) from ry: it enters the region at r 4, reaches full purchases at rg, leaves the region at ry, and continues
towards r1 and r, beyond the panel. Filled markers belong to a curve, and open markers do not.
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with r; = 1.966097, mixed orders at the entry floor join it. The low class abstains up to ry, mixes
on (ry,rs) and sells for sure from rg ~ 2.124148, the strength at which a full sale earns the trading
cost. Figure 2 draws the path through the region and the entry it produces, and Appendix A.4 lists
every equilibrium along the path.

The example’s high cost lies between the two bounds that these conditions place on it. It is at
most h — rp = 32/5, so class H’s value covers the high cost against the strongest incumbent and
Proposition 3(c) applies, and it is at least (h> — p?)/(2h) = 399/80, so class H has the decisive
advantage of Section 4.1.

Coexistence also holds away from the even prior. In the example’s slot it starts at the same
strength r4 for every prior between ~ 0.396175 and ~ 0.640739, and it starts later, where the prior
reaches the threshold, for priors up to =~ 0.650059. Below ~ 0.396175 even the top posterior cannot
reach the threshold once a purchase can pay for itself, and from ~ 0.650059 on, the uninformative
market ends before the prior falls below the threshold. Appendix A.4 gives the coexistence set at

every prior (Corollary A.2).

5 Competition creates research

With research, the informed trader chooses the presence probability A of Section 2.3 and pays for
it. Before it learns the class, the informed trader chooses a research intensity 4 € [0, A] at the
cost (a/2)A?, where a > 0 and the cap satisfies 0 < 1 < 1. Research succeeds with probability A,
independently of the class, the costs and the incumbent’s value. A success reveals the class, and the
informed trader then fills the slot with an order. After a failure, a liquidity trader fills the slot.

Research is therefore the presence probability of Section 2.3, chosen at a cost. It is the informed
trader’s own work on the target’s customers, technology and demand, and it must end before the
order opportunity. The cap A is the probability that this work can reveal the class at all before the
rival decides, because some facts about the match become visible only through the rival’s own
diligence. The marginal cost rises because the informed trader uses cheap sources first, such as its
sector coverage, and costly ones later, such as expert calls. The quadratic cost is the simplest form
whose marginal cost rises.

A success takes the place of a liquidity order because the opportunity has room for one order.
An informed trader that knows the class takes it. After a failure, the informed trader knows no more
than the market, so an order would lose at least its cost k. The opportunity then passes to a liquidity
trader. More research therefore also removes liquidity orders, and it reduces the camouflage of the
informed trader’s own orders.

Market makers and the rival do not observe the research choice, so they price and decide at a

conjectured intensity. The prior is 1/2 throughout. In an equilibrium with research, the conjectured
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intensity is the informed trader’s best research choice at the equilibrium prices and entry rule, and
the order after a success is optimal, including after a deviation from zero research. The best research
choice is unique: it equals the expected trading payoff after a success divided by a, capped at A, so
research never has a tie. Appendix A.5 states the equilibrium with research formally and gives each
result on research in full.

Research raises the top posterior that a purchase can reach. At intensity 4, I write M, for that
top posterior and m, = 1 — M, for the bottom posterior, the posterior bounds of Section 3.2 at the
prior 1/2 when the presence probability is 1. When 1/2 < 1 < 1, the recruitment intensity Ag(7) is
the research level at which a full purchase just reaches the threshold, M, = 7, so a full purchase
recruits exactly when research is at least A (7).

Consider the equilibrium in which class H buys after a success and a purchase recruits a high-cost
rival. When an indifferent informed trader may mix over its best orders, class L abstains while a
sale at the entry floor cannot pay its cost, pAr < 2k; beyond that point it sells just often enough that
its sale breaks even, and once even a sure sale pays, it sells for sure. A sale never recruits, and a sale
that breaks even adds nothing to the value of research, so research optimality at an interior intensity
reads

2ad = Arma —k + (pArmy — k)7, (10)

The left side rises with A, and the right side falls, because more research removes camouflage. When
Ar > 2k, the two sides meet at one intensity Az (Ar) € (0, 1), and research is the smaller of Ag (A7)
and the cap A. The exact recruitment margin is the right side of (10) minus its left side at the
recruitment intensity; it is positive exactly when, at the research level that just lets a purchase recruit,

the value of a success exceeds the marginal cost of research.

Proposition 4 (Competition creates research). Let the classes satisfy the class ranking (1) and
the prior be 1/2, and let an indifferent informed trader mix over its best orders and an indifferent
high-cost rival prepare. Take incumbent distributions with a positive spread, gy > gr and T > 1/2,
and consider the equilibrium in which class H buys after a success and a purchase recruits a
high-cost rival. The same recruiting outcome is available when an indifferent high-cost rival may

prepare with any probability and prepares fully at the purchase.

(a) The equilibrium exists if and only if Ay > 2k and T < My at A = min{Ag(Ar), A}, which is

then the informed trader’s research.

(b) Research rises strictly with the spread until it reaches the cap and then stays at the cap. Entry,
p+(1=p)[B+(1/2—-p)A], and entry in class H rise with research, and entry in class L falls.

(c) When class H outbids the incumbent, high-class ownership equals half the entry in class H.

Along a path on which class H outbids every incumbent, ownership does not fall with strength,
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and it rises strictly where research is below the cap and the spread rises strictly.

(d) Along a compact path of such distributions with continuous spread and threshold, let the spread
against
the first strength at which the spread reaches that value, and let the threshold stay below one up
to ry. If the exact recruitment margin rises strictly up to r 3, from a negative value against the
weakest incumbent to a positive value at r3, then the equilibrium exists exactly on an interval
of strengths. On it, research rises from the recruitment intensity to the cap and then stays at the

cap, up to the last strength at which the threshold does not exceed the top posterior at the cap.

A wider spread raises the return to a purchase, so the informed trader chooses more research,
and a purchase becomes more frequent, and its posterior rises. Research adds informed purchases in
class H and removes liquidity orders in both classes, and the first effect dominates, so entry rises
with slope (1 — p)(1/2 — B) in research. Entry in class H rises and entry in class L falls, so the
rivals who prepare are more often of class H.

The low class’s selling leaves this mechanism in place. A sale never recruits, and while the low
class mixes, its sale breaks even, so a success has the same value as when the low class abstains.
Once a sure sale pays, the sale’s profit is a second return to research, and if research is still below its
cap at that point, the research schedule kinks upward there.

High-class ownership multiplies entry in class H by class H’s chance of beating the incumbent.
When class H outbids the incumbent, that chance is one, so ownership rises with research, as part (c)
states. A decisive advantage of class H (Section 4.1) supplies this outbidding at every incumbent
against which a purchase recruits.

Along a path the spread and the threshold race as in Section 4.3: a stronger incumbent raises
what a recruiting purchase earns and the belief it must reach. When the exact recruitment margin
rises up to ry, the race tips toward recruitment once below the cap, and part (d) keeps the equilibrium
on one interval of strengths, which persists through the last strength of the path at which the threshold
does not exceed the top posterior at the cap. Under the cheap-research condition, the increase in a
recruiting purchase’s return exceeds the marginal cost of the additional research needed to reach the
threshold, so the exact recruitment margin rises. Appendix A.5 states the condition on these slopes

and gives the full statement and proof of Proposition 4.

Corollary 3 (Research equilibria in the example). In the example at the prior 1/2, with the research
cost a = 1/40 and the cap A ~ 0.336122, let an indifferent informed trader mix over its best orders
and an indifferent high-cost rival prepare. Write rg = 1.501023, r; = 1.677633, ry = 1.747878,
ro = 2.166995 and rc = 3.592659. On the path from rg to r»:

(i) zero research, with entry p, is an equilibrium exactly on [ro,ry];
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Table 4. Research and entry at the intermediate strengths.

r=155 r=160 r=1.65

Target-payoff spread Ar(r) 0.097581 0.112500 0.128030
Preparation threshold 7(r) 0.646798 0.648734 0.650670
Recruitment intensity Ag (r) 0.196741 0.199698 0.202664
Research Ag(r) 0.237901 0.279037 0.316683
Posterior after a purchase M, 0.673142  0.698206 0.720112
Entry on the recruiting branch 0.507630 0.513965 0.519763
High-class ownership on the recruiting branch  0.298422  0.309302 0.319260
Entry without research 0.250000 0.250000 0.250000

Notes. The example with a = 1/40 and A ~ 0.336122, with Az (r) = Ag(7(r)) and Ag(r) = Ag(A7(r)). The
spread, the threshold and Ag are rational numbers; the other entries are rounded to six places.

(ii) recruiting research is an equilibrium exactly on [rg, rc); research is below the cap on [rg,r3)
and at the cap on [ri,rc], and entry rises from 0.500846 at rg to 0.522757 at r; and keeps
that value up to rc;

(iii) floor-entry research, in which both classes trade after a success, no order recruits and entry is

p, is an equilibrium exactly on (rn,rp), below the cap, and on (rc, 2], at the cap;
(iv) there is no other equilibrium.

The unique equilibrium thus has zero research at rq, recruiting research at the cap at ry and

floor-entry research at the cap at ry; at r and r5 it is the equilibrium of Proposition 2 with A = A.

Appendix A.5 states Corollary 3 in full, with the low class’s orders along each equilibrium and
the equilibria at the three intermediate strengths of Table 4, and proves it.

Research and entry rise together across the three intermediate strengths in Table 4: research rises
from 0.237901 through 0.279037 to 0.316683, and entry rises from 0.507630 through 0.513965 to
0.519763. A stronger incumbent widens the target-payoft spread, so a purchase earns more and the
informed trader chooses more research; the posterior after a purchase then rises above the threshold
by more, and a purchase becomes more frequent. Proposition 4(b) states the same comovement
wherever the equilibrium exists.

The research cap is the presence probability of the example’s slot, so research at the cap
reproduces that slot. The example meets the condition of Proposition 4(d): the exact recruitment
margin rises strictly from rg to rj, is negative at ro and is positive at r;. A researched purchase
first recruits at rg, where a purchase that just reaches the threshold also pays for its research,
Ar(1 — 1) = k + 2aAdg; there research is 0.193853 and entry 0.500846. Research reaches its cap at

r1 and stays there up to the entry ceiling. The low class starts to sell at r and sells for sure from
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rs =~ 2.124148; research is at its cap before either strength, so in the example the sale’s profit leaves
research unchanged.

Zero research is an equilibrium on [r, rx], and an informed order at the entry floor starts to pay
just above ry. Floor-entry research coexists with recruiting research exactly on (ry, rg). Recruiting
research coexists with zero research on [rg, ry], is the only equilibrium on [rp, rc], and gives way
to floor-entry research at the cap on (r¢, r;]. Against the weak incumbent every nonzero order after
a success loses, so research is zero there. Figure 3 draws the three equilibria along the path.

The recruiting branch in Figure 3 starts later than the informative branch of Section 4.3, which
starts at r4 = 1.393958, because a purchase must pay for research as well as for trade. The two
branches also adjust in different ways: with a fixed presence probability the purchase rate adjusts
through a mixture of the high class, while with research the intensity adjusts and the high class buys
with probability one after a success.

Proposition A.1 in Appendix A.5 gives the research parameter region exactly at § = 0.294655.
The pattern of Corollary 3 at these strengths (zero research alone at rp, zero research and recruiting
research below the cap at each of the three intermediate strengths, and a unique outcome with full
orders and research at the cap at r; and r;) holds with strict margins exactly when the cap lies
in the strip (Ag(r1), Ag(r2)) = (0.290539,0.336721) and the cost lies in a window that depends
on the cap. At the example’s cap, this window is (0.021469, 0.036763). With 1 + u = e, the cap
A =uB/(1 +upB) and a = 1/40, this pattern holds for every B € (B, 1/3], with B, ~ 0.236157.

Entry atryis p + (1 — p)[B + (1/2 - B)A].

6 Robustness

I vary one part of the model at a time: the preparation-cost distribution, the value classes and the

prior, and the rival’s information. Appendix A.6 states each result in full and proves it.

6.1 Preparation costs

The rise of entry in Proposition 2 survives other preparation-cost distributions, with or without
atoms (Proposition A.3). The proposition lets the cost mix a low component with weight p and
a high component in place of the two-point distribution of Section 2.2; either component can be
atomless or have atoms. It keeps parts (i) and (ii) of Proposition 2 under the trading-cost window
(H2) when every cost in the low component lies strictly below B, (m(n)) and every cost in the high
component lies strictly between Bf,(7) and B, (M (rr)). The low component then prepares at every
feasible belief, so entry stays at least p, and the trading bounds of Section 3.3 apply unchanged.

In the example, the low component runs from zero to 1/5, and the high component is uniform
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Figure 3. Research and entry along the example’s path.

Notes. The example with a = 1/40 and A ~ 0.336122, at the prior 1/2, when an indifferent informed trader may mix
over its best orders and an indifferent high-cost rival prepares. Panel (a) shows research A and panel (b) shows entry; the
inset enlarges entry along the recruiting branch. Zero research is an equilibrium from rg to 75 . Recruiting research starts
at rg, reaches the cap at r ; and stays at the cap up to the entry ceiling r¢; its entry rises from 0.500846 to 0.522757 and
keeps that value up to r¢. In recruiting research the low class abstains up to r, mixes from ry to rg, and sells with
probability one from rs. On (ry, rp), floor-entry research coexists with it: both classes trade after a success, no order
recruits, entry stays at p, and research rises towards 0.234257 as strength approaches ro from below. From rg to rc,
recruiting research at the cap is the only equilibrium. Above r¢, floor-entry research at the cap is the only equilibrium,
with entry p. Black dots mark r, the three intermediate strengths, r; and r,. Filled markers belong to a curve, and open
markers do not; at r the filled marker belongs to zero research, and at ¢ to recruiting research at the cap.
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on [cy — &, cy + €]. Every half-width below cyz — Br, (M (1/2)) ~ 0.002689 keeps all three parts
of Proposition 2. With half-width € = 1/10, entry at ry is 0.522757, the value under the two-point
distribution. At r;, gross profit at the top posterior falls inside this band, and entry at r; is 0.382711.
With an atomless high component, the drop at the entry ceiling becomes a ramp: full-order entry is

continuous and nonincreasing in strength.

6.2 Value classes and priors

The reversal holds for every pair of ranked classes and every prior. The classes satisfy the class
ranking (1), class H has the higher mean value, and the reserve, the prior, the zero-cost probability
and the slot are arbitrary. For uniform incumbents, a nonempty open set of strengths and costs then
satisfies (H1)—(H3) and the ownership condition of Proposition 2 (Proposition A.4).

The construction puts the weak and the strong incumbent just above the lowest value 6, at which
the classes start to differ above the reserve. The spread vanishes near 6., so informed trade against
the weaker incumbent cannot cover its cost. The profit gap stays near the full class gap there, so
a high cost that only a favorable price justifies fits inside it. In the point-mass case 6. = ¢, so the
reversal holds for every i > €.

Table A.4 in Appendix A.6 reports six economies with their own costs and strengths. With wide
uniform classes, entry rises from 0.250000 to 0.573175, and high-class ownership rises although the
high class can lose to the strong incumbent; point masses at the same means leave entry at 0.250000.
A prepared rival keeps (6 — max{p, R})., a convex function of its value, so a mean-preserving
increase in risk within a class never lowers gross profit at any belief.

With more than two classes, the reversal holds under a separation condition (Proposition A.5).
The price reveals only the posterior mean of class proceeds. Separation splits the classes into a high
group and a low group, and it asks for a gap between the proceeds of each high-group class and
every feasible posterior mean, and the same gap for the low group. In the strong equilibrium, class
proportions within each group then stay at their prior proportions, so the price reveals the whole
posterior vector.

A four-class economy near the example satisfies separation with distance 0.178871. Without
separation, one price can carry two posterior vectors: a strict three-class equilibrium has two orders

with different posterior vectors and one price.

6.3 Complementary private signals

The rival can gain from the price even when its own information is more accurate than the informed
trader’s. A rival knows its integration plans, while informed traders who follow the target know

its customers or its product market. Proposition A.6 represents the two sources with conditionally
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independent binary signals. It holds at the prior 1/2 for every pair of ranked classes and every weak
and strong incumbent with continuous distributions. The informed trader’s signal has accuracy «;,
and the rival’s signal has accuracy ac.

The zero-cost rival still prepares after every price and signal, so the price still reveals the public
posterior, and the rival combines that posterior with its own signal. Under strict conditions on the
costs, the weak incumbent has zero orders and entry p; the strong incumbent has full orders and
entry above p. The conditions allow a¢ > a;.

The signal example uses its own parameter vector. It keeps the slot, the values, the reserve
and the prior of the example, and it sets p = 0.85, cy = 7.14, k = 0.015, ro = 1.1 and r; = 2.3.
With accuracy a; = 0.70 for the informed trader’s signal and a¢c = 0.75 for the rival’s signal, entry
rises from 0.850000 to 0.879797. A favorable signal alone does not justify high-cost preparation
against the weak incumbent; a favorable signal and a favorable price together do so against the strong
incumbent. Both sources are needed: without the rival’s signal, entry is 0.850000 at both strengths.

In the example itself, the conditions hold with (@, a¢) = (0.94,0.505). Entry then rises from
0.250000 to 0.386933, and without the rival’s signal it is 0.250000 at both strengths. In the example
the conditions cannot hold when the rival’s signal is at least as accurate as the informed trader’s: the
strong trading bound needs an accurate signal for the informed trader, and the weak bound then fails.
The signal example meets the conditions with a more accurate signal for the rival at other costs and

strengths.

7 Welfare and sale terms

7.1 Access to prices

Access to prices improves acquisition outcomes at a fixed level of competition. At the strong
incumbent Fp, I compare the equilibrium of Proposition 2 with that of an economy in which the
rival does not see the price. Under the hypotheses of Proposition 2, both economies have unique full
orders, and price access raises expected target proceeds and acquisition surplus net of preparation
costs (Proposition A.7). Acquisition surplus excludes transfers between bidders, shareholders and
traders, and Appendix A.7 states each result on welfare and sale terms in full.

The two economies generate the same orders. The trading bound of Section 3.3 forces full
orders even when the rival cannot use the price and entry stays at p, so trading costs coincide. Price
access changes only which high-cost rivals prepare: it adds preparation after a purchase. Each added
preparation adds its gross profit minus its cost to net surplus, together with the value of any sale that
the reserve would otherwise block; a rival prepares only when its expected gross profit covers its

cost, so no added preparation lowers net surplus.
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In the example at 1, expected proceeds rise from 0.614583 to 0.872531, a gain of 0.257948,
and net surplus rises by 0.081960. With research at the cap (Section 5), the gains are the same.

Target shareholders gain because a shareholder who holds through the sale receives Vr, not
the interim price. The informed trader’s expected gross profit, 0.037665 at ry, is a transfer from
liquidity traders. If one order unit is a given number of shares per share of float, initial shareholders
gain in total relative to an economy without the informed trader whenever that number is below
6.848394, even if they bear the whole transfer.

Inside the recruitment region of Proposition 2, where high-cost preparation does not pay at the
prior, price access adds preparation. When gross profit at the prior exceeds ¢y and gross profit after
a sale falls below it, an informative price deters high-cost preparation after a sale: in the example
at r; with cy = 12/5, price access changes proceeds by —0.173917 and net surplus by —0.013505
(Appendix A.7).

The two economies differ in the information in the price and not in its level. A deterministic
external dividend of 0.257948 in the hidden-price economy equalizes the mean prices, and it leaves

the orders and entry unchanged.

7.2 The payment rule

The effect of competition on the target-payoff spread depends on the sale payment. Proposition A.8
isolates this dependence at the payment stage, in a verifiable-value institution with zero reserve,
point-mass classes and an incumbent distribution on [0, 7] with 0 < £ <7 < h. After diligence, a
sale to the next bidder at its value is an enforceable fallback, and the seller and the winner divide the
surplus above the fallback by Nash bargaining, with seller weight w € [0, 1). A stronger incumbent
never raises the rival’s profit, and it moves the spread only in the direction of the sign of 1 — 2w; the
move is strict when E[(R — £).] changes strictly and 1 — 2w # 0, and when 1 — 2w = 0 the spread
equals (2 — €)/2 at every incumbent distribution.

To see why, take R > €. A high-class rival wins and pays (1 — w)R + wh, whose sensitivity to R
is 1 — w. A low-class rival loses, and the incumbent pays (1 — w)f + wR, whose sensitivity is w.
Competition widens the difference exactly when the first sensitivity exceeds the second.

In the example, the spread under this rule changes by 13/20 (1 — 2w) from ry to r;. The
second-price auction is the case w = 0: it puts the whole weight on the runner-up’s value. ?
compare an auction with one more bidder and an optimal negotiation by expected revenue; here the

comparison concerns how competition moves the spread.
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Table 5. Reserves, preparation and sale in the example.

Reserve  Strength Entry Sale Two admissible bidders Expected proceeds
1/2 ro 0.250000 0.687500 0.145833 0.392708

r1 0.522757  0.920459 0.435631 0.872531
101/100 ro 0.522757 0.431371 0.051364 0.440564

Ty 0.522757 0.772548 0.215186 0.994384
31/20 ro 0.522757 0.324401 0 0.502822

Ty 0.250000 0.547917 0.060417 0.893073

Notes. The example, with point-mass classes. At each reserve, full informed orders are the unique outcome at
both strengths, except at the reserve 1/2 and r(, where the informed trader does not trade.

7.3 Reserves

A reserve affects both the payment required to win and the information in the target’s shares. Once
the reserve can exclude bidders, preparation, a sale and the meeting of two admissible bidders
become different events: preparation is the event that the rival pays its preparation cost, a sale
occurs when at least one bidder submits an admissible bid, and two admissible bidders meet when
both the incumbent and a prepared rival meet the reserve. In the example of Section 4.2, the reserve
lies below both class values of the rival, so every prepared rival is admissible.

A reserve that excludes the low class can widen the class difference in target proceeds, because
the low class then adds nothing to proceeds. Informed trade can then pay against both incumbents,
and the price is informative at both strengths. Proposition A.9 gives the consequence. If informed
trade is full at both strengths and only a purchase recruits at each, entry is flat in incumbent strength,
and strict deterrence needs the stronger incumbent to push gross profit at the top posterior below the
high cost.

Table 5 reports three reserves in the example. The reserve 101/100 excludes the low class. Full
orders are unique at both strengths, only a purchase recruits, and entry is 0.522757 at both rg and ry,
while this reserve raises expected proceeds at both strengths. Narrow uniform classes give the same
pattern at the reserve 11/10.

The reserve 31/20 restores strict deterrence: entry is 0.522757 at ry and 0.250000 at ry, and
proceeds exceed their levels at the reserve 1/2. This reserve excludes the low class and also the
weak incumbent, since it exceeds ro. In the example, strict deterrence with a reserve that excludes
the low class requires the reserve to exclude the weak incumbent as well. With a reserve in (¢, ro],
the top posterior recruits at both strengths, and entry is flat. Strict deterrence holds for reserves
between about 1.325270 and 1.792723 (Appendix A.7).
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8 Empirical implications

The model gives predictions for publicly visible sale processes in which one bidder is prepared and a
rival has not yet committed to diligence. Each prediction names the incumbent, prior, trading-pattern
and tie-rule conditions it needs, and concerns one target in one public state; Appendix A.8 states
each in full and proves it. The predictions concern price impacts, the informed trader’s presence,
the winner and announcement returns. Under full two-sided trade, class H buys and class L sells,
each with probability one, and the informed share of nonzero orders is u/(2 + u) at every prior. In
the example at the prior 1/2 and the example’s slot, full two-sided trade is the unique outcome at
every strength between rg, the strength at which a full sale earns the trading cost, and 4; this range

contains r1, the entry ceiling r¢ and r».

Entry and incumbent strength. When the price reaches the rival before its decision, a stronger
incumbent can raise the probability that the rival prepares; in the example, that probability rises by
0.272757 from rq to ri. When the price does not reach the rival, a stronger incumbent can only
lower it. Against a strong enough incumbent, entry can return to its floor while the price stays
informative. Proposition 2 gives the first and third comparisons, and the fixed-information control

of Section 4.2 gives the second (Proposition A.2).

The price gap and its entry component. Under full two-sided trade at a prior below the preparation
threshold, the purchase impact P(1) — P(0), weighted by the frequency of a purchase, exceeds the
sale impact P(0) — P(—1), weighted by the frequency of a sale, exactly when a purchase recruits
the rival (Proposition A.10). The weighted difference equals the expected price before the order
opportunity minus the price after no order, so the test needs prices and order frequencies and
no auction object; at the prior 1/2 the two frequencies are equal, and the test compares the two
impacts directly. Under the same conditions the price gap P(1) — P(—1) has a class component,
pAr [M () — m(m)], and an entry component, which is positive exactly when a purchase recruits;
the whole entry component sits in the purchase impact. As the incumbent strengthens, entry adds
more to the price through competition and less by rescuing a sale that the incumbent alone would
not complete. With a uniform incumbent and the prior and the slot fixed, the entry component rises
with strength while full two-sided trade and recruitment persist, when 3p? < min{6, 7}, where 6 is
the lowest value of the rival and r the lowest strength compared; the example meets this condition.

In the example at 1, the price gap is 0.786299, and its entry component is 90.2% of it. With a
hidden price, the price gap would be 0.077020. At r; the price gap is 0.108469, the class component
alone, and at the entry ceiling r¢ it falls by 0.861835.
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The informed share. Under full two-sided trade the mean orderis A(27—1), so order counts identify
the informed trader’s presence when the prior is known and differs from one half (Proposition A.11).
The sale impact identifies presence without knowledge of the prior: when entry after a sale and
after no order sits at its floor and the payoff scale pA7 is known, the sale impact weighted by the
frequency of a sale, divided by pAr, equals (1 — )4, and together with the mean order A(27 — 1)
it identifies both the presence probability and the prior. At the prior 1/2 the counts depend on the
slot only through the volume of nonzero orders, so prices separate slots that counts cannot. In the
example at 1, the shares consistent with the counts and the informed trader’s incentives form the
interval from = 0.250299 to 0.760000, and a slot with share 0.444444 has the example’s volume
and entry, but its price gap at ry is 0.778935, against 0.786299.

Winners. Under full two-sided trade, a prepared rival wins more often after a purchase than after
a sale exactly when the incumbent’s value falls, with positive probability, where a high-class value
beats it with a higher probability than a low-class value; the gap is M (1) — m () times the difference
between the classes’ chances of beating the incumbent (Proposition A.12). Orders predict the winner
even where they do not predict entry: where entry stays at its floor after every order, as above the
entry ceiling, the order still covaries positively with a win by the rival under the same condition, and
not with entry. With the prior and the slot fixed and full two-sided trade at each strength compared,
when class H outbids every incumbent the gap does not narrow as the incumbent strengthens, and it
widens wherever the stronger incumbent takes wins from the low class. Among prepared rivals, the
share of the high class at each price is the price-implied posterior, which rises with the price under
full two-sided trade. In the example class H outbids every incumbent, and the gap is 0.308078 at r;
and 0.333751 at r;; the covariance of the order with entry is 0.272757 at r; and zero at r.

Announcements. For a positive target-payoff spread and gy > g1, if a public event after the
price reveals only whether the rival prepared, the mean price change over preparation reports is
positive exactly when preparation was still uncertain after some order, at every prior and in every
equilibrium (Proposition A.13); in the example it is 0.160592 at r;. The mean change over both
reports, with their model probabilities, is zero. Under full two-sided trade at a prior below the
preparation threshold, an opportunity that passes with no order is no news about the class and, when
a purchase recruits, bad news about entry: in the example at r{, the price after no order minus
the expected price before the opportunity is —0.257948, and the size of this drop is the weighted
difference of the price-impact test.

Two clusters at intermediate strengths. In the example, at one public strength in the range

(rr, ry) of Section 4.3, processes can form two clusters. In one cluster the market is uninformative:
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the mean order is zero and the three prices coincide. In the other, the high class buys and the low
class abstains; the mean order is then 4/2 (0.168061 in the example), every rival prepares after a

purchase, and a sale executes above the price after no order, by 0.005363 at 1.60.

Measurement. The counterpart of preparation is the start of substantive diligence or a proposal
that requires costly preparation; public offers are a narrower outcome. Incumbent strength is
measured from information that is public before that decision, and the price must precede it.

The order is the first prespecified public order opportunity after the sale becomes public, and
an opportunity with no order is recorded as a zero. A scheduled call auction is one example, such
as the opening auction on the first trading day after the approach is disclosed; its time is fixed in
advance and does not depend on any trader’s information, and the auction takes place whether or not
an order arrives. The sign of its net order imbalance is the order, and an imbalance below a size
fixed in advance records the zero order. A sample of first executed trades omits the zero order, so it
cannot identify the volume, the effect of an inactive opportunity, or the informed share.

The announcement formulas need events that reveal only preparation. Target returns before
a bid also partly reflect anticipation of that bid (?), so each test dates the price before the rival’s
decision. The trading counterpart is outside trade with a view on the rival’s fit, such as orders from

sector-focused funds.

9 Conclusion

In the model, the bidder pool in a takeover depends on the information that bidders have before they
commit to preparation. A stronger incumbent moves the class value gap from the rival’s profit to
target proceeds, and because a liquidity order can match the informed trader’s direction in the order
slot, an informed trader who knows the rival’s class keeps a residual advantage after every order. A
larger target-payoff spread can make that advantage worth the cost of trade, so the price can recruit a
rival that a weaker incumbent fails to attract.

The comparison of the weak, strong and very strong incumbent holds with unique outcomes on
an open set of parameters (Proposition 2). Under the default tie rules, an uninformative market and
an informative market coexist exactly on a region of the target-payoff spread and the preparation
threshold (Proposition 3), and a stronger incumbent can move the economy into and out of that
region; in the informative market, entry rises with the spread while the high class mixes between
a purchase and abstention and stays constant once it buys for sure. When information is costly,
competition creates research: at an even prior, when an indifferent informed trader may mix over its
best orders and the preparation threshold lies above the prior, research and entry rise together with

the spread until research reaches its cap, in the equilibrium in which a purchase after successful
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research recruits (Proposition 4), and the low class’s selling does not interrupt the rise.

Sale terms affect entry through the rival’s expected payment and through the information in the
stock price. Under the hypotheses of the main result, access to prices raises target proceeds and
acquisition surplus net of preparation costs against the strong incumbent, and, with a single value in
each class and the incumbent’s highest value between them, in a bargaining family of payment rules
with a zero reserve, the weight that the rule places on the runner-up’s value decides the direction in
which competition moves the target-payoff spread. A reserve that excludes the low class can make
the price informative against both incumbents; if informed trade is then full and only a purchase
recruits at both strengths, entry is flat in incumbent strength.

The next theoretical step is the seller’s choice of terms with the whole pricing and trading
continuation retained. The empirical tests ask whether the rival’s preparation in visible sale processes
responds to incumbent strength when the price precedes the decision, and, where the informed
trader always buys after good news and always sells after bad news and the prior lies below the
preparation threshold, whether a purchase raises the price by more than a sale lowers it once each

impact is weighted by how often its order occurs, as Section 8 predicts where a purchase recruits.

38



References

39



A Proofs

This appendix proves every result in the paper. Statements use the class model of Section 2. A
statement that needs the example says so. Each equilibrium proof states the equilibrium tuple of

Definition A.1, lists its conditions, and shows that the fixed tuple satisfies each of them.

The equilibrium tuple. Write n(—1) = n(1) = 8 and n(0) = 1 — 28 for the liquidity order

distribution of Section 2.3.

Definition A.1 (Equilibrium). An equilibrium is a tuple

&= (0w, o0, u, P, i, {),

together with the bids of the prepared bidders. Its components are as follows.

« 0j = (0j(-1),0;(0),0;(1)) is a probability distribution on {-1,0, 1}, the order of the

informed trader in class j € {H, L}. Mixed and wrong-signed orders are allowed.

u:{-1,0,1} — [0, 1] is the market makers’ posterior u(x) = Pr(j = H | X = x).

P:{-1,0,1} — Ris the price after each order.

* 1 assigns to each price P in the image of P the rival’s belief Pr(j = H | P(X) = P).

£ (P) € [0, 1] is the probability that a rival with the high cost prepares after the price P. A
rival with the zero cost prepares after every price.

For each order x, write f;(x) = (1 — )n(x) + Ac;(x) for its probability in class j, and e(x) =
o+ (1 —p) Z(P(x)) for entry after it. The tuple satisfies six conditions.

(E1) Bayes consistency. For every order x, u(x) = nfy(x)/[nfu(x) + (1 — ) fr(x)].

(E2) Beliefs of the rival. For every price P in the image of P, ji(P) is the posterior of class H
given the event {x : P(x) = P}, computed from fy and f;.

(E3) Entry optimality. For every price P in the image, ¢ (P) = 1 if B(ji(P)) > cy and £ (P) = 0
if B(fi(P)) < cy. At B(ji(P)) = cp, the rival’s tie rule applies.

(E4) Competitive prices. For every order x, P(x) = E[Vr | X = x].

(ES) Optimality of the informed trader. For each class j, o;(g) > 0 only if g maximizes

Ui(q) =q [to +e(q)(t; —to) —P(Q)] — klq|
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over g € {—1,0, 1}, with P(-) and e(-) held at their values in &.
(E6) Truthful bids. Each prepared bidder whose value meets the reserve bids its value.

The gross profit of a zero-cost rival is an expected auction rent, which is never negative.
Preparation is therefore optimal for it after every price, and the definition fixes this choice. The
probability f;(x) is at least (1 — A)n(x) > O under every strategy. Every order therefore occurs with
positive probability in both classes. Bayes’ rule defines u after every order, and no off-path belief
enters the definition.

The two indifferences in (E3) and (E5) follow the default tie rules of Section 2.4: an indifferent
informed trader may mix over its best orders, and an indifferent high-cost rival prepares. Appendix A.4
states the alternatives, under which an indifferent informed trader abstains or an indifferent high-cost

rival may prepare with any probability.

A.1 Acquisition payoffs

Truthful bids. Fix a bidder with value 6, and let Y > O be the highest competing admissible
bid, with ¥ = 0 when there is none. Any admissible bid that wins pays max{p, Y}, so a bid yields
either § — max{p, Y} or zero. Suppose 6 > p, and consider the bid 6. If 6 > max{p, Y}, it wins
and earns § — max{p,Y} > 0. If 8 < max{p, Y}, then Y > 6, and the bid loses and earns zero. If
6 = max{p, Y}, a win pays 6, so the bid earns zero.

The bid 6 therefore earns (6 — max{p, Y}),, the larger of the two possible payoffs, at every Y.
Suppose 8 < p. Every bid that wins pays at least p > 6, so no bid earns more than zero, the payoff
of no bid. Truthful bids, and no bid below the reserve, are therefore weakly dominant at every
competing bid. Hence condition (E6) of Definition A.1 holds in every tuple. No payoft below rests

on a belief.

Proof of Proposition 1. Without entry the target receives p1{R > p}. A prepared rival with
6 > p wins at § > R and pays max{p, R}. A loss makes the incumbent pay 6. The target receives
max{p, min(R, 0)}, and the rival keeps (0 — max{p, R})+. At 8 < p the rival does not bid. The
target again receives p1{R > p}, and the rival keeps nothing.

The example. Let R be uniform on [0,r] with 0 < p < € < r < h, as in (7). Then
to = Pr(R > p)p = p(1 — p/r). Since R < r < h, the high-class rival always wins and pays

max{p, R}. The low-class rival wins and pays max{p, R} when R < ¢; it loses when R > ¢.
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Integration over R gives

1 p r 1 r? - p? rop
[ e [ o] Y5
" r[/o pay /p yay r P 2 2 2r

1 p 4 r [2_ 2 52_ 2
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rtJo » ¢ 2 2r

e 5 (A.1)

rp
= - h — , dy=h—-tgy=h—- - ——,
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g = %[/Op(f—p)dy+/p€(€—y)dy] = |pte-p)+ (g_zp)z] - fzz_rpz.

The spread is

2 2_ 2 2 2 2
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The sums are ty + gy = hand t; + g; = £, as the split requires. These are the expressions in (8).

Differentiation in r gives

2(r =€) - 2r = 2(r — £)? _-0@+0 1 £?

Ar(r) = 472 2r2 2 22
’ 1 p2 ’ 52_p2
gH(r):_E-'-ﬁa gL(r):_ 27"2

The signs in (9) follow from r > ¢, r > p, and € > p. For every u € [0,1], 0B, (u)/0r =

(1 =gy (r) + pgy(r) <O0.
General classes and a continuous F. Write the payments as integrals of indicators. For 6 > p,

6 6
max{p, min(R,60)} = p +/ 1{R > y} dy, (6 —max{p,R}); = / 1{R < y}dy. (A.2)
p P

The two indicators sum to one except at the single point y = R, which gives ¢(6) + g(0) = 6.
Every integrand in (A.2) is nonnegative and jointly measurable in (R, y). Tonelli’s theorem
therefore moves the expectation over R inside each integral. Since F is continuous, Pr(R > y) =
1 — F(y). This gives t(0) = p + fpo[l — F(y)]dy and g(0) = fpﬁ F(y)dy for 6 > p. For 6 < p,
1(6) =10 = p[1 - F(p)] and g(6) = 0.
At 0 = p, t jumps by pF(p). When the incumbent fails the reserve, an admissible rival buys at

p, and an inadmissible one leaves the target unsold. Hence, for every 6,

1(0) = 10+ pF(p)L{6 = p} + / Ty <01 FO)]dy.  g(6) = / 1y < 0)F(y) dy.
p p

42



Take the class expectation and apply Tonelli’s theorem again, with E;1{6# > p} =1 - G,(p")
and Pr;(6 > y) = 1 - G,;(y”). The functions G;(y~) and G;(y) differ at countably many y, a
Lebesgue-null set, so the integral is the same with G (y) in place of G;(y~). This gives

tj=to+pF(p)[1-G;(p7)] +/ [1-G;WIT-F(y)ld
p

and g; in (5). The difference of the two classes gives A7 in (5). Each integral is finite, since
o</ [1-G,(y)]dy<E;j§ <coand0 < F < 1.
Since E;[max{0, p}] = p + f [1 -G ;(y)] dy, the sum of the two lines of (5) gives the split in

its general form,

Ar(F) +gu(F) = gL(F) = pF(p)D(p~) + Ey[max{6, p}] - Er[max{6, p}].

The reserve term vanishes under equal admissibility, Gg(p~) = G (p~). It also vanishes when the
incumbent always meets the reserve, F(p) =

Part (a). In (5), the weight 1 — G on F is nonnegative. The pointwise decrease from F to F
therefore lowers g; by fp “1-G T IF(y) = F(y)] dy > 0. The decrease is strict exactly when
this integral is positive. Gross profit at a fixed belief u is (1 — u)gr + ugy, an average with fixed
weights, so it falls as well.

Part (b). The difference of (5) at the two distributions is

Ar(F) = Ar(F) = /W[F(y) - F(»)1D(y)dy - p[F(p) - F(p)] D(p").
P

Under the class ranking (1), D(p~) = 0, so the second term is zero. Also D(y) > 0 and
F(y) — F(y) > 0 for every y, so the integrand is nonnegative. The spread therefore rises, strictly
exactly when the integral is positive.

Equal admissibility also makes the second term zero. Together with D(y) > O for y > p, it gives

the same conclusion. O

Proposition 1(c) (the weakest restriction). Let Gy and G have finite means. The spread
weakly increases under every first-order stochastic strengthening of every continuous F if and
only if D(y) = 0 for every y > p and D(p~) < 0. When neither class has an atom at p, this

condition is exactly first-order dominance above the reserve together with equal admissibility,
Gu(p™) =Gr(p?).

Proof of Proposition 1(c). Fix the incumbent’s value R. Suppose R > p. The target receives
min{R, max{6, p}} for every value of the rival. An admissible rival and the incumbent both bid
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at least p, and an inadmissible rival leaves the incumbent to pay p. Suppose R < p. The target
receives p1{6 > p}.
For R > p, E;[min{R, max{60, p}}] = p + pr[l — G(y)] dy. The expected difference in

proceeds between the classes at incumbent value R is therefore

pD(p7), R <p,

r(R)=4"
J, DO dy, R=p,

and Ap(F) = Er[T'(R)].

The function I" is bounded, since /poo ID(y)|dy < Ey6 + EL6 < oco. It is constant below p,
continuous on [ p, o), and has derivative D almost everywhere above p. It moves from pD(p~)
to ['(p) = 0 at p. Thus I" is nondecreasing if and only if D > 0 almost everywhere above p and
D(p™) <0.

If T is nondecreasing, every first-order stochastic strengthening raises Ex[I"(R)]. If it is not,
continuity on each side of p gives values 0 < R; < Ry, both different from p, with I'(R;) > I'(R;).
Let F be uniform on [R; — 6, Ry + 6], and let F be the same distribution shifted to R,. Then F < F,
andas d — 0, A7(F) = A7 (F) - T'(Ry)) -T'(Ry) <0.

Suppose the support must start at zero. Mix the same small uniform component on [0, 7] into
both distributions. Both mixtures are continuous, and the mixture scales the difference by a positive
factor and keeps its sign.

Distribution functions are right-continuous. Thus D > 0 almost everywhere above p is the
same as D(y) > 0 for every y > p, and it implies D(p) > 0. When neither class has an atom at p,
D(p~) = D(p) = 0. The condition then holds exactly when D(p~) = 0, which with the ranking

above the reserve is equal admissibility. O

Scope of the class ranking. The proofs in this subsection use the class ranking (1) only through
D(y) > 0fory > p and D(p~) = 0. These two facts give gy > g; and Ay > 0 in (5), the
comparison in part (b), and the split identity of Section 3.1. The same results therefore hold under
the ranking above the reserve together with equal admissibility.

For the point masses with p < ¢, D(y) =1{{ <y <h}and D(p~) =0. AlsoI'(R) = (R - {)+
for R < h. Equation (5) then gives Ay = fgh[l — F(y)] dy, which equals /Z[l —F(y)]dyatr < h.
It also gives g; = fng(y)dy at0 =hand g = ¢.

For the uniform distribution on [0, ], these integrals reproduce (A.1). The kernel I" belongs to

the cash second-price rule with reserve. Section 7.2 changes the rule and the kernel with it.
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A.2 Beliefs and trading

Beliefs, prices and trading. The belief lemma holds for every order profile, in or out of equilibrium;

the price and trading lemmas hold for every tuple that meets their stated conditions.

Conventions for Appendices A.2 to A.9. The conditions (E1) to (E6) are those of Definition A.1.

» A profile is a pair (o, o) of order distributions, pure or mixed, with wrong-signed orders
allowed. A candidate is a tuple & that satisfies (E1) to (E4) and (E6) for some profile. An
equilibrium is a candidate that also satisfies (ES).

* A deviation by the informed trader holds the candidate’s price function P and preparation rule
{ fixed and changes only the order that reaches them; a comparison across incumbents solves

the equilibrium in each economy to compare outcomes across economies.
* A uniqueness proof derives its bounds for every candidate. It does not use the proposed tuple.

* A constructed tuple satisfies each equilibrium condition by direct substitution, and its proof

cites no lemma whose premises include the condition at issue.

e Write w; = t; — o for the gain in expected proceeds that entry brings in class j, and
w(u) = (1 — u)wyp + uwyg = tp, — to + Apu for its average at the belief u. Proposition 1 and

Section 3.1 give wy > wy > 0.

Orders and posteriors. Write J,, for the point mass at the order ¢, and by = (1 — 2)(1 —28) for
the probability of a liquidity abstention. Under any order distributions oy, o, Bayes’ rule in odds

form reads

pw  _ m o fu)
T—u(  T-7 fily)

Lemma A.1 (Order probabilities and beliefs). Fix any order distributions oy and o7.

(A.3)

(a) Full support. f;(x) > (1 - A)n(x) > O for every order x and class j.
(b) Nonzero orders. Forx € {—=1,1}, b < fj(x) < b+ A. Hence m(m) < u(x) < M(n).
(c) The zero order. bg < f;(0) < bo+ A. If B < 1/3, then by > b, hence m(r) < u(0) < M ().

(d) Full orders. If oy = 8y and o = 61, the posteriors after the orders (—1,0,1) are
(m(n), m, M (n)).
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Proof of Lemma A. 1. Fix any profile (o, o). By (A.3), the posterior u(x) increases strictly in
the likelihood ratio fy(x)/ f(x). The odds of M (x) are n(1 + u)/(1 — x), and the odds of m(x)
are 7/[(1 —m)(1 +u)].

Fart (a). The liquidity trader fills the slot with probability 1 — A > 0. It places the order x with
probability 7(x), and 1(x) > 0 for every x because 0 < 8 < 1/2. The informed term Ao (x) is
nonnegative. Hence f;(x) > (1 — A)n(x) > O for every order and class. Every order has positive
probability in both classes, so (E1) defines u(x) at every order, and no off-path belief enters any
condition. Also 0 < u(x) < 1,since 0 < 7w < 1.

Part (b). Forx = 1, (1 = A)n(x) = b and 0 < Ao(x) < A. Hence b < fj(x) < b+ A4, and

1 b _fux) _b+2a

= :1+ .
+u b+ fi(x) = b .

By (A.3), m(x) < u(x) < M(7). This step uses only 0 < B < 1/2.

Part (c). For x =0, (1 = )n(0) = bg, so bg < f;(0) < by + A, and the likelihood ratio
lies in [(1 + A/bg)~!, 1 + A/bg]. The inequality by > b is 1 — 28 > S8, that is 8 < 1/3. Then
A/bg < A/b = u, and the argument of part (b) gives m(x) < u(0) < M(x). If B > 1/3, then
bo < b. The profile oy = 69 with o7 (0) = 0 gives fy(0) = by + A and f7(0) = by. The ratio is
1+A/by>1+u,sou(0) > M(n), and the bound fails.

Part (d). The profile oy = 81, o1 = 61 gives fyg = (b, b, b+ A) and f = (b + A, by, b) on
the orders (—1,0, 1). The likelihood ratios are (1 + u)~!, 1 and 1 + u, so (u(=1), u(0), u(1)) =
(m(m), m, M(7)).

Beliefs at a price. Fix a price P in the image of P, and let X(P) = {x : P(x) = P}. By (E2), the
rival’s belief ji(P) has the odds

a(P) = .erX(P) Ju(x)
L-a(P) 1-7 Niexp fr(x)

A ratio of two sums of positive terms lies between the smallest and the largest ratio of its terms.
Hence /i(P) lies between the smallest and the largest u(x) over X (P). Every bound of parts (b) and
(c) therefore holds for ji(P).

Only part (c) uses 8 < 1/3. Parts (a), (b) and (d) hold for every 8 < 1/2. O

Corollary A.1 (High-cost preparation under every profile). Let 0 < B8 < 1/3 and gy > gr. If
B(M(r)) < cp, then no profile that satisfies (E1)—(E3), in or out of equilibrium, has high-cost

preparation after any order.

Proof of Corollary A.1. Let B < 1/3, gy > g1 and B(M(x)) < cy. Fix any profile and any tuple
that satisfies (E1) to (E3). By Lemma A.1(b)—(c), u(x) < M(r) at every order, and by the step
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on beliefs at a price, a(P) < M(n) at every price. Since gy > g1, B(u) = g1 + u(gy — g1) is
nondecreasing in u. Hence B(ji(P)) < B(M(n)) < cy at every price, and (E3) gives (P) = 0
with no tie. The conclusion holds under both tie rules for the rival. The bound at the zero order is
the only use of 5 < 1/3 in this proof. O

Lemma A.2 (Entry and prices). Let Ay > 0 and gy > g1. Fix a tuple that satisfies (E1)—(E4) and
(E6).

(a) Floor. e(x) = p for every order x.

(b) Price. P(x) = to + e(x) [t — to + A p(x)] for every order x.

(c) Sufficiency. If P(x) = P(x’), then u(x) = u(x’). The rival’s belief at the price P(x) is ji(x).
(d) Entry. e(x) = p if u(x) < 7, and e(x) = 1 if u(x) > 1.

(e) Monotonicity. If u(x) > u(x’), then e(x) = e(x’) and P(x) — P(x') = pAr [u(x) — u(x’)] > 0.

When an indifferent high-cost rival may prepare with any probability, part (d) at u(x) = 7 allows
any e(x) € [p, 1]; the other parts hold under both tie rules for the rival.

Proof of Lemma A.2. Fix a candidate, and let A7 > 0 and gy > g;. The proof has a preliminary
step and five parts.

Step 0: the terminal payoff given the class and the order. The rival’s choice depends only on the
price P(x) and its cost C. The cost is independent of the class, the values, the incumbent’s value
and the slot draws. Given the class j and the order x, the rival therefore prepares with probability
e(x) =p+(1-p)l(P(x)), and this event is independent of (6, R). The order depends on the class
and the slot draws only, so it carries no information about (6, R) given j. Bids are truthful by (E6).

With entry, expected proceeds in class j are ¢;; without entry, they are #o. Hence
E[Vr|j, X =x]=to+e(x)w;. (A4)

Part (a): the floor. The zero-cost rival prepares after every price (Definition A.1), and it has
probability p. Hence e(x) > p at every order.

Part (b): the price. Average (A.4) over the class with the weights u(x) and 1 — u(x) of (El).
Condition (E4) gives P(x) =ty + e(x) w(u(x)), which is (4). This step uses only (E1), (E4), the
truthful bids (E6) of Step 0, and the independence of the cost.

Part (c): sufficiency. Let P(x) = P(x’). Entry depends on the order only through the price,
so e(x) = e(x’) =: &, and &€ > p > 0 by part (a). Part (b) gives e Ar [u(x) — u(x’)] = 0, so
u(x) = u(x’). By the step on beliefs at a price in the proof of Lemma A.1, g(P(x)) lies between
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the smallest and the largest posterior of the orders with the price P(x). These posteriors are equal,
so (P(x)) = u(x). The price therefore reveals the posterior.

Part (d): entry. Since gy > g1, B(u) > cpy exactly when u > 7. By part (¢), the rival’s gross
profit at P(x) is B(u(x)). Condition (E3) gives e(x) = p if u(x) < tand e(x) = 1 if u(x) > 7. At
u(x) = 7, e(x) = 1 when an indifferent high-cost rival prepares, and e(x) can take any value in
[0, 1] when an indifferent high-cost rival may prepare with any probability.

Part (e): monotonicity. Let u(x) > u(x’). If u(x’) < r,thene(x’) = p < e(x). If u(x’) >,
then u(x) > 7 and e(x) = 1 > e(x’). Part (b) gives

P(x) = P(x') = e(x) Ar [u(x) = u(x))] + [e(x) = e(x")] w(u(x")). (A.5)

The second term is nonnegative, because w(u) > wy > 0. The first term is at least pAr[u(x) —

u(x")] > 0. Prices therefore rise strictly with the posterior. O

Constructed tuples. Let A7 > 0. Take a profile, its Bayes posteriors u(x), and entry e(x) € [p, 1]
such that e(x) > e(x’) whenever u(x) > u(x’). Set P(x) = 1o + e(x)[wr + Aru(x)], where
wyr = tp —to = 0. Then prices rise strictly with the posterior, and

P(x) =P(x') < u(x)=u(x')ande(x) =e(x’).

The preparation rule £ (P(x)) = [e(x) — p]/(1 — p) is a function of the price, and the belief at P(x)
is u(x). If also gy > g, threshold-consistent entry is a function of the posterior when an indifferent
high-cost rival prepares. When an indifferent high-cost rival may prepare with any probability,

orders at 7 with different entry have different prices, each revealing 7.

Proof. Let u(x) > u(x’). Then e(x) > e(x’), and (A.5) gives P(x) — P(x") > e(x)Ar[u(x) —
w(x")] = pAr[p(x) —pu(x")] > 0, because w(u) > wy > 0. Let u(x) = u(x’). Then P(x) —P(x’) =
[e(x) —e(x")] w(u(x)), and w(u(x)) = wr + Aru(x) > 0, because u(x) > 0 by Lemma A.1(a).
Equal prices therefore force equal posteriors and equal entry, and the price formula gives the
converse. So £ is a function of the price, and e(x) € [p, 1] puts its values in [0, 1]. At a price P, all
orders with the price P share one posterior, so by (A.3) they share one likelihood ratio fz (x)/ fz (x).
The ratio of sums in the step on beliefs at a price, in the proof of Lemma A.1, equals that likelihood
ratio, and (E2) gives the common posterior. Under the first tie rule for the rival, threshold-consistent
entry is p below 7 and one at and above 7, a function of the posterior. Under the second, the identity
at equal posteriors gives distinct prices to distinct entries at 7, and every order with one of these

prices has the posterior 7. O
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Lemma A.3 (Informed trading). Let Ay > 0. Fix a tuple that satisfies (El), (E4) and (E6), with
entry e(x) € [p, 1] after every order. Conditional on its arrival, the informed trader in each class

earns

Uu(1) = e(DA7[1 —p(D)] -k,  Un(0) =0,  Ug(-1)=—-e(-DAr[1 - u(-1] -k,
UL(-1) = e(-D)Ar u(-1) - k, UL(0) =0, UL(1) = —e(1)Ar p(1) — k.

Write Ky = e(1)Ar[1 — u(1)] and Kp = e(—1)Ar u(—1) for the gross returns of the two correct

orders.
(a) A wrong-signed order earns at most —k, so abstention strictly beats it.

(b) Class H buys if Ky > k and abstains if Ky < k. At Ky = k, the purchase and abstention are
its two best orders. Class L sells if K; > k and abstains if K; < k. At K; = k, the sale and

abstention are its two best orders.

(c) Under every candidate profile, pAr[1 — M (n)] < Ky < Ay and pAyr m(n) < Ki < Ay. Hence
p k(m)Ar < K; < Ar, where k() = min{m(n), 1 — M(m)}.

(d) Ky depends on the candidate only through u(1) and e(1), and Ki only through u(-1) and
e(—1).

Proof of Lemma A.3. Fix a tuple that satisfies (E1), (E4) and (E6), with e(x) € [p, 1] after every
order, and let A7 > 0. A deviation to the order ¢ reaches the tuple’s price P(q) and entry e(g). By
(A.4) and part (b) of the proof of Lemma A.2,

E[Vr | H,X = q] = P(q) = e(q) [wn —w(u(q))] = e(q) Ar [1 - u(q)],
P(q) —E[Vr | L,X = q] = e(q) [Ww(u(q)) —wr] = e(q) Ar u(q).

The proceeds ty and the term e(q)wy cancel. Multiply by ¢ and subtract k|g|. This gives the six
payoffs of the lemma, with Ky = e(1)Ar[1 — u(1)] and Kz = e(—=1)Aru(-1).

Part (a). Since e > 0, Ay > 0and 0 < u < 1, the payoffs Uy (—1) = —e(=1)Ar[1 —u(-1)] — k
and U (1) = —e(1)Aru(1)—k are atmost —k < 0 = U;(0). No class puts weight on a wrong-signed
order under (E5).

Part (b). By part (a), class H compares the purchase with abstention, and Uy (1)-Ug(0) = Ky—k.
Class H buys with probability one if Ky > k and abstains if Ky < k. If Ky = k, the purchase and
abstention are its two maximizers: an indifferent informed trader may mix over them or abstains.
Class L compares the sale with abstention, and Uy (—1) — Uz (0) = K; — k. Class L sells with
probability one if K; > k and abstains if K; < k. If K; = k, the sale and abstention are its two

maximizers: an indifferent informed trader may mix over them or abstains.
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Part (c). By Lemma A.1(b), u(1) < M(n) and u(—1) > m(x) under every profile, for every
B <1/2. Alsop<e<landO < u < 1. Hence

pk(mM)Ar <p [l -M(n)]Ar < Ky < Ay, pk(m)Ar < pm(n)Ar < K < Ay. (A.6)

The upper bounds use only e < 1 and 0 < u < 1.
Part (d). The return K depends on the tuple only through (u(1),e(1)), and K only through
(u(=1),e(—=1)). Entry after the zero order enters no payoff. The ex ante payoff of the informed

trader is A U;(q), and the factor 4 > 0 changes no comparison. O

Lemma A.4 (The auction through the spread and the threshold). Fix the model’s independence and
information structure, a prior © € (0, 1), the two-point preparation cost with p € (0, 1) and cg > 0,
a trading cost k > 0, and one pair of tie rules: an indifferent informed trader may mix over its best
orders or abstains, and an indifferent high-cost rival prepares or may prepare with any probability.
At fixed presence, fix 0 < 1 < 1; with research, presence is A. Fix 0 < 8 < 1/2. Consider two cash
second-price auctions with finite-mean classes satisfying the class ranking, continuous incumbent
distributions, A > 0 and y = gy — g1 > 0, and the same spread and preparation threshold
7= (cy —gL)/y. Their equilibrium sets projected onto (oy, o, i, ) coincide.

The common conditions are Bayes’ rule, the threshold entry rule under the chosen tie rule, and

optimal orders at

Un(1) = e(DA7[1 —pu(D)] -k, Un(=1) = —e(=DA7[1 - pu(-1)] - k,

U;(0) = 0.
UL(-1) = e(-DAru(-1) -k, UL(1) = —e(D)Aru(l) -k,

Each auction gives prices and price beliefs by

PW) =10+ elwe+ (], LP) = L a(P0o) = )

With research, fix also the quadratic cost coefficient a > 0 and cap 0 < A < 1, and require optimal
orders after a hypothetical success even at zero research. The equilibrium sets projected onto

(/i, oy, 0L, i1, e) coincide. The common conditions also include
A = min{A, ¥/a}, ¥ = rmax Uy (q) + (1 —n)max UL (q),
q q

with Bayes’ rule evaluated at A. These conclusions hold under all four tie rules.

Proof. For either auction, Lemma A.2 makes the price posterior equal to the order posterior. Since

B(u) — cg = y(u — 1), preparation optimality is the same threshold rule in both auctions, including
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the selected action at equality. Subtracting the competitive price from the class payoff gives the four
nonzero-order payoffs in the statement by Lemma A.3. The price levels 79 and w; cancel. Thus
every equilibrium gives a solution of the same reduced conditions.

Conversely, take a solution of those conditions. Threshold-consistent entry is nondecreasing
across distinct posteriors. The constructed-tuples paragraph supplies the displayed prices, a
preparation rule that is a function of price, and the price beliefs. In particular, orders with a common
price have a common posterior and common entry; orders at the preparation threshold with different
entry have different prices. Bayes’ rule at a pooled price follows by summing order probabilities
with the same likelihood ratio. Preparation is optimal because y > 0, competitive pricing follows
from the conditional terminal payoff, and optimal orders are exactly the reduced payoff comparisons.
Truthful bidding completes the tuple. This construction works in either auction.

With research, at the candidate prices and preparation rule a deviation to intensity A and optimal

success-contingent orders earns

/T[nmax Un(g) + (1 — ) max UL(q)] _ax
q q 2

Its strict concavity on [0, 1] gives A = min{1, ¥/a}. At zero intensity the stipulated hypothetical-
success optimality gives the same maximizers. Since the payoffs, coefficient and cap coincide, the

research condition and the price construction coincide as well. O

Lemma A.5 (The two numbers along a path). Fix ranked finite-mean classes, the reserve and the
two-point preparation cost. A path is a family F, of continuous incumbent distributions indexed by
strength on an interval, with F,» < F, whenr’ > r. Write Ap(r) = Ap(F,), v(r) = gu(F;) — gL (F),
and, where y(r) > 0, 7(r) = [cg — gL (F})]/y(r). The class mean gap is fixed:

f = EHQ - ELQ = AT(I”) + ’y(l’).

Each g; and vy is nonincreasing, and At is nondecreasing. Forr’ > r,

Ar(r) = Ar(r) = / [F,(y) = Fr (01D () dv,
V4
¢/ (F) —g;(Fy) = / [, () = Ex )11 = G;(0)] dy.
V4

Each change is strict exactly when its integral is positive. Where y > 0, Ar > 0 and v > 0, both v

and A7t are nondecreasing. Their exact increments are

(Fy) — gL(Fp) + 7(r) [Ar (') — Ar ()]

T(r') —7(r) = SL 0
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Ar(r)T(r') = Ar(r)t(r) = Ar(r) [T (') =7 (N)] + (X)) [Ar (r') = Ar(r)].

Thus the threshold rises strictly exactly when the numerator in its increment is positive; the product
rises strictly exactly when the right side of its increment is positive.

On a differentiable path the return J = Ap(1 — ) obeys

_ T(gn —cm)Ap + Arygy,

’
J 2

Its direction depends on the balance between spread growth and the decline in high-class profit. For
point classes h = 10, £ = 1, reserve p = 1/2, high cost cy = 2, and F, = U[r — 1/10,r + 1/10] on

[7,15/2],
CH

h—r

Ar=r—-2¢, gL =0, gu=h-r, T=

Its return falls between the endpoints:

J(7) =2,
J(15/2) = 13/10 < J(7).

In the uniform-incumbent example below, J rises on [ro, r2] by the uniform case of Proposition 3(c).

Proof. The split identity 7;(F) + g;(F) = E;0 gives Ar +y = I'. The auction integrals are

g (F) = / FOIL-G,(ldy.  y(F)= / F(»)D() dy.
P 14

Subtracting the integrals at two ordered distributions gives the stated profit differences. Subtracting
the profit-gap integrals and using the split identity gives the spread difference. Their integrands are
nonnegative, so the monotonicity and exact strictness conditions follow.

Because y(r’) = y(r) — [Ar(r') — Ar(r)], direct subtraction of the threshold ratios gives its
displayed increment. Its numerator is nonnegative when 7(r) > 0, and its denominator is positive.
Expanding A7 (r')t(r") — Ap(r)7(r) gives the product increment. Both terms are nonnegative,
which proves the product comparison and its exact strictness condition.

On a differentiable path, write 1 — 7 = (gy — cy)/y and y’ = —A’.. Differentiation gives

_ (gn —cr)AL + Argy N Ar(gn — cy)A;

J/
y y?

Collecting the A’. terms and using y + Ay = I gives the stated expression. For the translated uniform
distributions every incumbent value lies strictly between € and h. Thust; =€, ty =ER=r, g =0

and gy = h — r, which gives all four formulas and the endpoint values of J by substitution. In
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the uniform-incumbent case, Proposition 3(c) gives that A7(gy — cy) is nondecreasing. Since
J = Ar(gy —cn)/y,y =T — Ar falls strictly where A7 rises, and affordability gives gy > cy, J
rises on [rg, r2]. |

The liquidity share. The bound 8 < 1/3 is the inequality by > b. It extends the posterior
bounds of the nonzero orders to the zero order, and through it enters only Corollary A.1 and the
zero-order part of the research bounds. The research parameter region and the slot-feasibility parts
of identification range over the slots with 5 < 1/3. Every other result holds for every 0 < 8 < 1/2;

a corollary that fixes the slot holds at that slot.

A price reached by a nonzero order. For every profile and every price function, a price reached by
at least one nonzero order has a price posterior in [m (), M ()], for every 0 < 8 < 1/2, including

when the price pools the zero order.

Proof. Let X(P) = {x : P(x) = P}, and suppose it contains a nonzero order. Its liquidity mass
(1 =) Xyex(p) n(x) is at least b. Its informed mass in each class lies between zero and A. Thus
the ratio of its class probabilities lies between (1 + u)~! and 1 + u. Bayes’ rule gives the stated

interval. O

A.3 Competition creates competition

Proof of Proposition 2. Write F for a strengthening of Fj and F>, for a strengthening of F;. For
i €1{0,1,2}, write B; = Bf,, A; = Ar(F;), and tq, t;;, g, wi(u) for the objects at F;. Also write
M = M(r), m = m(x) and k = (7). Under the class ranking (1) every value meets the reserve, so
Wy (F) = Eg[F(6)], the probability that a prepared high-class rival outbids the incumbent. Value
ties have probability zero because F is continuous.

The proof has seven steps. Steps 1, 3 and 5 state each economy’s equilibrium tuple and derive
its equilibrium conditions. Bounds on every candidate give uniqueness.

Step 0: implied inequalities. Proposition 1(a) gives B(m) < By(x), so (H1) gives Bi(n) <
cy < Bi(M). Since M > n, Biy(M) — Bi(n) = (M — m)(gu1 —gr1) > 0. Hence g1 > gr.1,
the threshold 7, at F) is defined, and 7 < 7 < M. By (H2), A; > k/(p«) > 0. Proposition 1(b)
gives Ay > Ay, so pkA, > k. Proposition 1 also gives gu2 > g1.2, s0 Ba(u) < Ba(M) < cy for
every u < M. The zero-cost rival prepares after every price, so Lemma A.2(a) gives e > p in every
candidate of each economy.

Step 1: the weak incumbent. Fix any candidate at Fj. By Lemma A.3(a) and the upper bounds in
(A.6), each correctly signed order earns at most Ag—k < 0, and each wrong-signed order earns at most

—k. Abstention is therefore the unique maximizer of Uy and of Uy, and (ES) gives oy = o = do
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under both tie rules for the informed trader. Then fy(x) = fr(x) = (1 — )n(x) + A1{x = 0}, so
(E1) gives u(x) = m at every order, and (E2) gives ji(P) = r at every price. Since By(n) < cp, (E3)
gives £(P) = 0 with no tie, so e(x) = p. Condition (E4) and (4) then fix one price for every order.

Every equilibrium at Fy is therefore the tuple

on =0 =06y, u(x)=mn, P(x)=Py:=1to0+p[tro—1too+Aor],

En(Fo): _
a(Po) =m, {(Po) =0,

with truthful bids.

Equilibrium conditions for Ex(Fy). (E1): fg = f1, so the posterior at every order is 7. (E2): the
single price pools all orders, and the odds of (Pg) are 7 Y, fu(x)/[(1-n) Y, fL(x)] = n/(1 7).
(E3): Bo(rm) < cp, strictly. (E4): by (A.4) with e = p, E[Vr | X = x] = to0 + pwo(r) = P.
(ES): at Ex(Fy), Ky = pAo(1 — ) < k and K; = pAgmr < k, so Ug(1) < 0 = Ug(0) and
Ur(-1) <0 =UL(0), and the wrong-signed payoffs are at most —k. (E6): Appendix A.l. Entry is
0, and high-class ownership is 1pWg (Fp).

Step 2: the strong incumbent, orders in every candidate. Fix any candidate at F;. By (A.6),
Ky > pkAy > k and K, > pkAy > k. By Lemma A.3(a)—(b), the purchase is the unique maximizer
of class H, and the sale is the unique maximizer of class L. Every equilibrium at F| has oy = §;
and o = d_1, under both tie rules for the informed trader. These bounds use only the nonzero
orders, so they hold for every g < 1/2.

Step 3: the strong incumbent, the tuple. Lemma A.1(d) gives the posteriors (m, 7, M) after the
orders (—1,0,1). Step 0 gives A; > 0 and gz1 > g1, so Lemma A.2 applies. Since B;(M) > cy,
Bi(m) < cy and By(m) < B(r), Lemma A.2(d) gives e(1) = 1 and ¢(0) = e(—1) = p, with no tie.

Every equilibrium at F is therefore the tuple

O = 61, gL = 6—17 (M(_l)’ﬂ(o)’ﬂ(l)) = (WL,?T, M)’

Er(F) :
S P =ty e wi (), AP() = p(),  L(P()) = 1{x = 1,

with (e(—1),e(0),e(1)) = (p, p, 1) and truthful bids.

Equilibrium conditions for Eg(F1). (El): the likelihoods fy = (b,bo,b + A) and f; =
(b + 4, by, b) give (m, mr, M). (E2): the stated entry is nondecreasing in the posterior and lies in
[0, 1], and A; > 0. By the paragraph on constructed tuples in Appendix A.2, the three prices are
strictly increasing in the posterior, so P(—1) < P(0) < P(1). Each price has one order in its preimage,
so fg(P(x)) = u(x). (E3): Bi(M) > cy, B1(m) < cy and Bj(m) < cp, all strict. (E4): (A.4) with
the stated entry. (E5): at Eg(Fy), Ky = A1(1 = M) > pkAy > k and K; = pAym > pkA; > k.
Hence Uy (1) > 0 =Ug(0) > Ug(—1) and Ur(—1) > 0 =UL(0) > Ur(1). (E6): Appendix A.1.

Step 4: entry, ownership and the takeover share at F'. Class H places the order 1 with probability
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fu(1l) = b + A, through a liquidity purchase or an informed purchase. Class L places it with
probability f7(1) = b. Only the order 1 recruits the high-cost rival. Hence

ey = p+(1-p)(b+21), er =p+(1-p)b, Ei =nreg+(1-m)er = p+(1-p)(b+7A) > p,

since b > 0; also ey — er = (1 — p)A > 0. Preparation depends on the order and the cost, and
both are independent of (6, R) given the class. A prepared rival of class j acquires the target
when 6 > R, with probability W;(F). Write O;; for the probability that the rival is of class j
and acquires the target at F;, with ny = m and nr;, = 1 — . Then O; 1 = m;e;W;(F;), and Step 1
gives O, 0 = mjp W;(Fp). Division by 7 > 0 shows that high-class ownership rises exactly when
[0+ (1=-p)(b+)]Wu(F1) > pWu(Fo).

The rival acquires the target with positive probability against both incumbents. By (H1),
Bi(M) > cg > 0, so g;1 > 0 for some class j; a class whose gross profit is positive beats the
incumbent with positive probability, so W;(F;) > 0. Since F; strengthens Fy, F; < Fj pointwise,
and W;(Fy) > W;(F;) for both classes. Class H’s takeover share at F; is Og;/(Opn; + Or).
For x,y,x’,y" = 0 withx + y > 0 and x” + y’ > 0, the inequality x/(x + y) > x’/(x” + y’) holds
exactly when xy” > x"y. Withx = Op j,y = Op 1, X" = Opgand y’ = Op o, and after division by

n(1 —m)p > 0, the share rises from Fj to F; exactly when
ey Wi (F1) WL(Fo) > er Wi (Fo) WL(F1).

Let class H outbid F;. Then 1 > Wg(Fy) > Wg(F;) = 1, so class H outbids Fj, and
Op,1 = meyg > np = Ogyp. Condition (6) reads ey Wi (Fo) > er Wr(Fy). If Wi (Fp) > O,
then ey Wi (Fy) > er Wi (Fy) > er Wi (F)), and the share rises strictly. If Wy (Fp) = 0, then
Wi (F;) =0,s00r0 = 0O, =0, and the share equals one against both incumbents.

Step 5: the very strong incumbent. Fix any candidate at F,. By (A.6), Ky > pkA; > k and
K; > pxA; > k, so every equilibrium has full orders, and Lemma A.1(d) gives the posteriors
(m,m,M). By Step 0, By(u) < B>(M) < cp at each posterior, and every price belief is one of these
posteriors or an average of them. So (E3) gives { = 0 with no tie, and e = p. Every equilibrium at

F> is therefore the tuple

og =061, or=06-1, (u(=1),u(0),u(1)) = (m,7, M),

Er(F) :
T PG = toa + pwa(p(x). APW)) = u(x), =0,

with truthful bids. Equilibrium conditions. (E1): the likelihoods fyg = (b,bo,b + A1) and
fr = (b + A, by, b) give (m,n,M). (E2): since Ay > 0 and m < m < M, the three prices
to2 + p wa(u(x)) differ, so each price has one order in its preimage. (E3): By(u(x)) < cy at each
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posterior. (E4): (A.4) with e = p. (ES): at Eg(F3), Ky = pA2(1 — M) > k and K1, = pAym > k.
(E6): Appendix A.1. The prices differ, so the price stays informative while entry equals p. Entry is
p after every order, so, as in Step 4, high-class ownership is 1pWg (F>).

Step 6: tie rules. Every comparison of the informed trader in Steps 1, 2 and 5 is strict. Every
high-cost comparison at an equilibrium belief is strict. No tie rule is used, so the four pairs of rules

give the same unique outcome in each economy. O

Lemma A.6 (Decisive advantage). Fix ranked finite-mean classes, a reserve p > 0, a high cost
cy > 0, and a family of continuous incumbent distributions. The family has decisive advantage if,

for every distribution F in it,
gH(F)>CH - WH(F): 1.

At every distribution in this family with Ay > 0 and gy > g1, any equilibrium that recruits a
high-cost rival after some order has Wy (F) = 1. This holds at every interior prior, under all
four tie rules, both at fixed presence and with research at a cap below one. Under (HI)—(H3),
decisive advantage at F gives the ownership and takeover-share conclusions under outbidding in
Proposition 2(ii).

For point classes h > € > p and the full family F, = U[0,r], r > 0, decisive advantage holds

exactly when
h2 _ pZ
2h

Proof. Full liquidity support and an interior prior give every price an interior posterior, at fixed

CH 2

presence and also when research is bounded by a cap below one. If a high-cost rival prepares after

an order, then
cu < Br(p) = gL(F) + plgu(F) — gr(F)] < gn(F),

where the last inequality uses u < 1 and the positive profit gap. Decisive advantage therefore gives
Wy (F) = 1. Applied at F1, this is the outbidding hypothesis of Proposition 2(ii).

For a point value 4 and r > h, direct integration gives

h2_p2

2r

WaUIO. ) =2 <1, gu(UI0.r) =

The latter decreases strictly in r, with supremum (A% — p?)/(2h) as r | h. If cy is at least this
supremum, gy > cy forces r < h, where Wy = 1. If cy is below it, continuity gives some r > h

with gg > cy and Wy < 1. These two implications prove the equivalence for the full family. O

Each hypothesis is used once.
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* Bo(m) < cy gives entry p at Fyy. Through Proposition 1(a), it also stops recruitment after the

zero order at Fj.
* cy < B1(M) gives recruitment after a purchase at Fj.
* Ay < k defeats every informed order at Fj, against every candidate.
* k < pkA forces full orders at F, and through Proposition 1(b) at F;, against every candidate.

* By(M) < cy stops recruitment at F;.

The nonzero-order bounds hold for every 0 < 8 < 1/2.

The open set. For uniform incumbents, (H1) to (H3) are strict inequalities between continuous
functions of (rg, 71,72, cy, k, p, 7, A, B). They define an open set in the domain 0 < 8 < 1/2.
The sufficient condition (1 + p)Wy(F;) > 2pWg(Fp) > 0 for higher ownership implies the exact
condition of Step 4 whenever b + A > 1/2, because then ey > (1 + p)/2.

The example

Corollary 1 gives the section of the open set through the example. In the example, b + 1 = 0.531737.

Proposition 2 needs Byg(m) < cy in (H1); with B () < cg in its place, both cost types can
prepare against the weaker incumbent: keep the example’s other primitives, but set cy = 47/10
and r, = 8. Then k — A¢g = 0.003333, cy — B1(1/2) = 0.408333, B{(M) — cy = 1.517155,
pkA; —k =0.024824 and cy — B2(M) = 0.312465 are positive, but cy — Bo(1/2) = —0.104167.
At rg, Step 1 gives zero orders and the posterior 1/2, and By(1/2) = 1153/240 > cy. Both cost
types prepare, so entry is 1.000000 at ro. Entry then falls to 0.522757 at 1. Along the example’s
path the left side of (H2) also guards a conclusion. At r = 1.55 it fails, since Ay = 121/1240 > k

there, and Proposition 3 gives two equilibria.

The tuples in the example. Table 3 lists Ex(Fy), Ep(F1) and Eg(F,) in the example and the
prior 7 = 1/2. In Ep(F) the posteriors are (0.268941, m, 0.731059) and the prices are 0.576074,
0.614583 and 1.362372. In Eg(F3) the prices are 0.610002, 0.664236 and 0.718471, and in En(Fp)
every order has the price 0.392708.

Corollary 1 (Recruitment and ownership in the example, full statement). Let the classes be

point masses at h = 10 and € = 1, the incumbent be uniform on [0, r|, and
(p,pscu, k) =(1/2,1/4,6,1/50), (ro,r1,r2) = (6/5,3,18/5).

Take a slot with0 <A< 1,0< B <1/2, u=1/[(1-2)B].
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(a)

(b)

(c)

(d)

(e)

At prior m = 1/2, the high-cost window, trading-cost window and exclusion condition hold

together exactly on

82/59 < u < 2686/1559,
equivalently 7(ry) = 141/200 < M () < 4245/5804 = 7(ry).

This is an interval of presence probabilities at each fixed liquidity share. Under all four tie

rules, entry is p, p + (1 — p)(b + 1/2), p at the three strengths, and high-class ownership is
p/2 [p+ (1 -p)(b+)]/2 p/2

For u < 82/59, entry at ry is p. At u = 82/59, orders are uniquely zero at ro and uniquely full
at ri,ry. When an indifferent high-cost rival prepares, every conclusion of Proposition 2 holds.
When it may prepare with any probability, entry after a purchase at ry ranges over [p, 1],
and total entry there ranges over [p,p + (1 — p)(b + 1/2)]. For 2686/1559 < u < 19/3, a
purchase at ry induces certain preparation when an indifferent high-cost rival prepares. For

u > 19/3, the strict upper inequality of the trading-cost window at ry fails.

If 1 + u = e, all three hypotheses hold exactly when

7(ry) < 7(r)
T(r) + [1=7(r1)]e T(r) + [1 = 7(rp)]e’

with endpoints 0.467850 and 0.500424 to six places. The high-cost and trading-cost windows
alone hold exactly between the same lower endpoint and t(rg) = 195/308.

At 8 =0.294655, 1 + u = e and © = 1/2, entry at the three strengths is 0.250000, 0.522757,
0.250000, and high-class ownership is 0.125000, 0.324401, 0.125000. Class H’s share of
acquisitions won by the rival is respectively 0.545455, 0.830691, 0.782609.

For these point values and the strength range [rg, r2], decisive advantage on the full uniform
family and the affordability condition h — ry > cy of Proposition 3(c) hold together exactly on
the cost window

399/80 < cy < 32/5.

The example’s cost cy = 6 lies in this window, with margins 81/80 and 2/5. For these class
values, reserve and cost, every economy with a uniform incumbent U [0, r] in which some order

recruits a high-cost rival has

r<h—cy++(h-cp)?-p?~7.968627 < h,

whatever the slot, prior, p, k and research.
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Proof of Corollary 1. Take the example’s primitives (h,¢,p) = (10,1,1/2), (p,cH, k) =
(1/4,6,1/50) and the strengths (rg,r;,r2) = (6/5,3,18/5). For ¢ < r < h, 7(r) =
[2rcg—(2=p?)]/ (2rh—r?—£2), with t(rg) = 195/308, 7(r1) = 141/200 and 7(r,) = 4245/5804.
Also Ar(rg) = 1/60, Ar(ry) = 2/3 and Ap(rp) = 169/180 by (8).

Part (a). Atthepriorr =1/2, M = (1 +u)/(2+u)andk =m=1-M = 1/(2 + u). The left
side of (H1) has the margin cy — B,,(1/2) = 1.195833, and the left side of (H2) has the margin
k — Ar(rop) = 0.003333. Neither depends on the slot. Since

2t -1
1-1

M>1 & u>

b

the right side of (H1) is u > 82/59, and (H3) is u < 2686/1559. The right side of (H2) is

< PAr(r)

p(1=M)Ar(r)) >k .

2=19/3.

The bound u < 2686/1559 implies it; at the example’s slot 19/3 — u = 4.615052. Hence (H1)
to (H3) hold if and only if 82/59 < u < 2686/1559, that is 7(r;) < M < 7(rp). At fixed S,
A =uB/(1 + up) increases strictly in u, so the band is an open interval of A. Proposition 2(i)—(iii)
then give the entry values under all four tie rules, and since & > rp, Wy = 1 at the three strengths,
which gives the ownership values.

Part (b). For u < 19/3, Step 2 of the proof of Proposition 2 holds at r|, and at r, because
Ar(rp) > Ar(ry). Orders are full at both strengths, and the posteriors are (m, 1/2, M). If u < 82/59,
then M < 7(ry), no order recruits at ry, and entry at ry is p. If 2686/1559 < u < 19/3, then
M > 7(r;), and a purchase recruits at r, when an indifferent high-cost rival prepares. For u > 19/3,
the right side of (H2) fails at ry.

At u = 82/59, the left side of (H1), both sides of (H2) and (H3) still hold strictly. At r¢, every
correct order earns at most Ar(rg) — k = —0.003333 < 0, so orders are uniquely zero. At r; and r»,
orders are uniquely full by Step 2, and parts (i) and (iii) hold. A purchase at r; leaves the high-cost
rival indifferent, and an indifferent high-cost rival prepares and gives entry E;. When an indifferent
high-cost rival may prepare with any probability, entry after a purchase ranges over [p, 1], so entry
at 1 can take any value in [p, E{].

Part (c). Fix 1 + u = e and the example’s other inputs, and vary 7. The inequality M (7r) > 7 is
n/(1-m)>7/[(1-7)(1+u)],thatisz > /[t + (1 —7)e]. The right side of (H1) gives the lower
endpoint of the corollary, and (H3) gives its upper endpoint. The left side of (H1) is B, () < cH,
thatis 7 < 7(rg) = 195/308. The left side of (H2) does not depend on x. For the right side of (H2),
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let ko = k/[pAr(r1)] = 3/25. Then

m(n) >ky & 7T>Le.
1 — ko + ko€
This gives the lower endpoint, and 1 — M(xn) > ko gives the upper endpoint, so © €
(0.270432,0.729568) approximately. This interval contains the other two. The intersection
is the interval of the corollary, with endpoints ~ 0.467850 and ~ 0.500424. Without (H3), the
upper endpoint is 7(rp) ~ 0.633117.

Part (d). At the stated slot, b = 8/[1+ (e—1)B] and A = (e — 1)b. Substitution in part (a) gives
the entry and ownership values. Since i > rp, Wy = 1 at every stated strength and Wy = €/r. Thus

the takeover share is
wey

mey + (1 —m)e l/r

At rg and r;, both class entries equal p; at r1, they are the two expressions in Proposition 2(ii). These
substitutions give the three displayed shares.

Part (e). Lemma A.6 makes decisive advantage equivalent to cg > (h> — p?)/(2h) = 399/80;
affordability is cy < h —r, = 32/5. Their intersection is the displayed cost window. The
distances from the stated cost to the two endpoints give the displayed margins. On p < r < h,
gu(r) = h—r/2 — p?/(2r) decreases strictly for r > p. Solving gy (r) = cy gives the upper root
in the statement; the lower algebraic root lies below p. For r < p, gross profitis h — p > cy, and
for r > h, it is at most (h%> — p?)/(2h) < cy. Hence this upper root is the unique actual crossing.

Recruitment implies g > cy by Lemma A.6’s first argument, which gives the strictboundonr. 0O

The recruitment region. Table 2 gives the region in the example. The trading bound « () >
k/[pAr(r1)] at k = 1/50 holds on (0.270432,0.729568). Some trading cost satisfies (H2) exactly
when A7(ro) < pkAr(ry), or k() > Ar(ro)/[pAr(r1)], on (0.231969,0.768031). Table A.6 gives
the margins of the hypotheses and the example’s distance to each boundary of the region.

A.4 Coexistence

This subsection states in full and proves Proposition 3, Corollary 2 and Corollary A.2. Its first part
holds against every continuous incumbent distribution with a positive spread and gy > g1, and
along every path of such distributions; its second part applies the first to the example.

General results

Setting. Throughout this part the classes satisfy the class ranking, and the prior & € (0, 1), the slot
(4, B)withO<A<landO< B <1/2,and p € (0,1), cy > 0and k > 0 are fixed. An incumbent
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distribution F is continuous, with A7(F) > 0 and gy (F) > gr(F). Against F write Ay, 7 and
J = Ar(1 — 1) for the spread, the preparation threshold and the gross return of a purchase that just
reaches 7 and recruits. Write M = M (r), m = m(x),

k N k

Ab=—— A= :
T 1-M T pmax{m,1-n}

By Lemma A.3(a), no equilibrium puts weight on a wrong-signed order. Write s, = Aoy (1) ands_ =
Aop(—1). Onthe orders (1,0, 1), fg = (b, bo+A—s4, b+sy)and fi = (b+s_, bo+A—s_, b),
SO

(b +sy) (1-m)b b

1— = _ _ =
b+nrsy’ Halse) ’ p-(s-) b+ (1-m)s_’

H+(54) = b+ s,

and po(s4, s—) has the odds ﬁ . Zg::%. On [0, 2], u4 rises strictly from 7 to M, and u_ falls
strictly from 7 to m. The same formula defines w (s) for every s > 0, rising strictly to one. For

n<t<l1let b )
T—-71
st = —ﬂ(l—T) > 0,
the rate at which a purchase reaches the threshold, w4 (s*) = 7. Then u.(s;) < T exactly when
s+ < s*; the rate s* is feasible, s* < A, exactly when 7 < M, and s* < A exactly when 7 < M. If
T > M, and in particular if 7 > 1, then u.(s4) < 7 for every s, < A.

A path is a family (F}),c; of such distributions over an interval / of strengths, with F,- first-order
stochastically dominating F, for r* > r and every other primitive fixed. Along a path Ar(r) is
nondecreasing, gy (r), gr(r) and y(r) = gy (r) — go(r) are nonincreasing, and Az (r) + y(r) is
constant (Lemma A.5). A set of strengths is an up-set if it contains every strength above each of its
members, and a down-set if it contains every strength below each of its members.

The posteriors follow from (E1), because the low class never buys and class H never sells.
The posterior w4 () is continuous in s > 0, with derivative of the sign of 7b(1 — x) > 0, value
mats =0, value M at s = A and limit one, and the equation u.(s) = 7 is the linear equation
n(b +s) = (b + ms), whose unique root is s*. The statements on s* follow. Entry after each order

follows from Lemma A.2(d) at its posterior.

Lemma A.7 (The high class). Let 7 < 7. In a candidate with no wrong-signed order, the pair
(54, e(1)) satisfies (E1) to (E3) at the order 1, and (ES5) for class H, exactly when it is one of these

five pairs.
(N) sy =0ande(1) = p, with pAr(1 — 1) < k.
(Q) 0 <sy <A ue(sy) <7, e(l) = pand pAr[1 — us(s+)] = k. This pair needs an indifferent

informed trader who may mix.
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(R) 0 <sy <A, ue(sy) >1,e(l) =1and Ar[1 — uy(sy)] = k. This pair needs an indifferent

informed trader who may mix.

(T) 0 <5y <A uy(sy) =7, thatis sy = 5%, and e(1) = e* := k/J. When an indifferent high-cost
rival prepares, this requires e* = 1, that is J = k. When an indifferent high-cost rival may
prepare with any probability, it requires p < e* < 1, that is pJ < k < J. This pair needs an

indifferent informed trader who may mix.

(F) sy =A. Heree(l) =1ifM >7tande(l) =pif M <71. If M =71, then e(1) = 1 when
an indifferent high-cost rival prepares, and e(1) € [p, 1] when it may prepare with any
probability. The return satisfies e(1)Ar(1 — M) > k when an indifferent informed trader may
mix, and e(1)Ar(1 — M) > k when an indifferent informed trader abstains.

Each equation in (Q) and (R) has at most one solution. If T > M, and in particular if T > 1, the
pairs (R) and (T) do not occur, and (F) has e(1) = p when v > M.

Proof. By Lemma A.3(b), (ES) for class H requires Ky < k at sy = 0. Ats; = Aitrequires Ky > k
when an indifferent informed trader may mix, and Ky > k& when an indifferent informed trader
abstains, because that rule selects abstention at a tie. At 0 < s4 < A it requires Ky = k; an interior
rate is a mixture at indifference, so it needs an indifferent informed trader who may mix. Here

Ky =e(1)A7[1 — u+(s4)], and e(1) follows from Lemma A.2(d) at the posterior u (s+).
e Atsy =0, ut(0) =1 < 1,80 e(1) = p. This is (N).
* At0 < sy <A with ui(s4+) <7:e(l) = p,and Ky = k is the equation of (Q).
* At0 < sy <A with ui(s+) > 7: e(1) =1, and Ky = k is the equation of (R).

* At 0 < 54 < A with us(sy) =7 thennm <7 <M < 1and s; = 5% soJ > 0, and
Ky = e(1)A7(1 — 1) = e(1)J = k gives e(1) = ¢*. When an indifferent high-cost rival
prepares, e(1) = 1; when it may prepare with any probability, e(1) can take any value in [p, 1].
This is (T).

Ats, = A, us (1) = M. Lemma A.2(d) gives e(1), and the condition on K is that of (F).

The function 1 — p. falls strictly and Ar > 0, so each equation has at most one root. If 7 > M,
then 4 (s4+) < M < 7 for every s < 4, so (R) and (T) do not occur, and M < 7 gives e(1) = p in
(F). m|

Lemma A.8 (The low class). Let 1 < 7. Then u_(s-) < n < 7 for every s_, so e(—1) = p in every
candidate. In a candidate with no wrong-signed order, the rate s_ satisfies (E1) to (E3) at the order

—1, and (E5) for class L, exactly when it is one of these:
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(N) s— =0, with pArn < k;

(0Q) 0 < s_ <A with pAru_(s_) = k; this rate needs an indifferent informed trader who may

mix,

(F) s_ = A, with pArm > k when an indifferent informed trader may mix, and pArm > k when

an indifferent informed trader abstains.

When an indifferent informed trader may mix, exactly one rate qualifies:

0, pArm < k,
b (npAr/k —1
o = | bEPAIIk =) N <k < pApr,
l-nm
A, pPATm > k.

When an indifferent informed trader abstains, no rate qualifies if pArm < k < pArm.

Proof. Since u_ is decreasing, pu_(s-) < u—(0) = 7 < 7, so Lemma A.2(d) gives e(—1) = p. Then
K; = pAru_(s-) is continuous and strictly decreasing in s_, from pArm at s = 0 to pArm at
s— = A. By Lemma A.3(b), (ES) for class L requires K; < k at s = 0; K; > k at s_ = A when an
indifferent informed trader may mix, and K; > k when it abstains; and K; = k at0 < s_ < A, which
needs an indifferent informed trader who may mix. If pArm < k, then K; < k for every s_ > 0,
so only s_ = O qualifies. If pArm > k, then K; > k for every s_ < A4, so only s_ = A qualifies.
Otherwise pArm < k < pArm, and the intermediate value theorem and strict monotonicity give
exactly one interior root. The equation 7b/[b + (1 — w)s_] = k/(pAr) gives the formula. When an
indifferent informed trader abstains and pArm < k < pArn, the rate s_ = 0 fails because K; > k
there; the rate s_ = A fails because K; < k there; and an interior rate needs an indifferent informed

trader who may mix. O

Lemma A.9 (Product structure). Let © < T, and take rates with s, > s_. Then po(s+,s-) < 1 <T.
Under each pair of tie rules, the tuple with the rates (s, s_) is an equilibrium if and only if these

four conditions hold:
(i) (s+,e(1)) is a pair of Lemma A.7;
(ii) s— is a rate of Lemma A.8;
(iii) e(0) = e(=1) = p;

(iv) the prices are P(x) = tg + e(x) w(u(x)), and g(P(x)) = u(x).
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Proof. If s4 > s_,then bg+ A — 5. < by + A — s_, so the odds of ug are at most /(1 — 7). Hence
Ho S <T.

Necessity. In any equilibrium, Lemma A.2(d) gives e(0) = e(—1) = p at the posteriors p( and
u—(s-), both below 7, and Lemma A.2(b)—(c) give condition (iv). Lemma A.3(d) shows that (ES)
for class H involves only (s4, (1), e(1)), and (ES) for class L only (s_, u(-1),e(=1)). So (E5)
gives (i) and (ii).

Sufficiency. Take rates and entry that satisfy (i) to (iv). Each condition of Definition A.1 holds
at this tuple. (E1): the posteriors are computed from fy and f7. (E2): the stated entry is p at the
posteriors p_(s—) and ug, both at most 7 < 7, and itis e(1) > p at u,(s;) > «, with e(1) = 1
when u. (s;+) > 7. So entry lies in [p, 1] and is nondecreasing in the posterior. Two orders with a
common posterior include the order O or —1, so the common posterior is at most 7; if the order 1 is
one of them, then u, (s4+) < & forces s, = 0, the pair (N), with e¢(1) = p. Orders with a common
posterior therefore have a common entry. By the paragraph on constructed tuples in Appendix A.2,
orders share a price exactly when they share the posterior and the entry, the preparation rule
L(P(x)) = [e(x) = p]/(1 = p) is a function of the price, and the belief at each price is the common
posterior of its orders, which is (E2). (E3): at each price the belief is the posterior of its orders, and
the stated entry is the one that Lemma A.2(d) allows at that posterior under the tie rule for the rival
in use; condition (i) states it at the order 1, and the posteriors u_(s-) and yg lie below 7. (E4): (A.4)
with the stated entry. (E5): by Lemma A.3(d), the payoffs of class H involve only (s, u(1),e(1)),
and those of class L only (s_, u(—1), e(—1)); conditions (i) and (ii) state optimality for each, and
Lemma A.3(a) rules out the wrong-signed orders. (E6): Appendix A.1. O

Proposition 3 (Uninformative and informative markets, full statement). Let the classes satisfy
the class ranking, and fix the prior, the slot, p, cy and k as above. Parts (a) to (c), except the second
sentence of (c)(iv), take the default tie rules: an indifferent informed trader may mix over its best

orders, and an indifferent high-cost rival prepares. That sentence and part (d) state their own.

(a) The region. An uninformative market and an informative market coexist against F if and only if

k

n<tT<M and
1-71

< Ar < A} (A7)

Against such an F the equilibria are exactly the uninformative market and one informative
market. In the informative market the low class abstains, class H buys at the rate sy =
min{/l, (b/m) [(1 =m)Ar/k — 1] }, a purchase recruits a high-cost rival, and entry after the
other two orders is p. It is a full purchase if Ay > AL, the threshold pair with entry one after a
purchase if At < AE and J = k, and a mixed purchase that recruits if Ay < A? and J > k. Its

entry is

(1-7)bAr

L b+ m}, (A.8)

E:p+(1—p)min{
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which depends on F only through the spread, rises strictly with the spread on Ar < A? and

is constant on Ar > A!;. The set of pairs (Ar, T) that satisfy (A.7) is convex, and each of its

points has T < 1 — pmax{r, 1 — n}. Coexistence therefore requires 1 < 1/(1 + p).

(b) The sure-purchase stretch. Along a path, the strengths at which an uninformative market

coexists with a full purchase, those with w1 < T(r) < M and AY. < Ar(r) < AY, form an interval.

Every strength at which an uninformative market coexists with a mixed purchase that recruits,

or with the threshold pair, lies below every strength of this interval. If an uninformative

market and an informative market coexist at r’ and at r” but not at r, with v’ <r <r”, then

Ar(r) < A;: a gap lies at spreads too narrow for a sure purchase to pay.

(c) The balance condition. Along a path, let the product Ar(r) [gy(r) — cy] be nondecreasing in

r.

()

The strengths with J(r) > k form an up-set, on which J is nondecreasing and rises
strictly wherever Ar rises strictly. The strengths at which an uninformative market and an

informative market coexist form an interval, at every prior and every slot.

(ii) Let I be compact, let At and T be continuous in r, and let T > 1 at the weakest incumbent

(iii)

(iv)

of the path. Then this interval is closed. When it is not empty, it starts at the weakest
strength with J(r) > k and ends at the smaller of the strongest strength with t(r) < M
and the strongest strength with Ap(r) < A¥ .

The product Ap(r) [gu(r) —cg] is nondecreasing, and J rises strictly, when the incumbent
is uniform, F, = U[0, r] for r in a compact interval I with p < min I, every low-class

value lies in | p, min I], every high-class value is at least max I, and Ey6 > max [ + cp.

If, in addition, Ar(r) [gu(r) — cu)? is nondecreasing, then Ar(r) [1 = 7(r)]? is nonde-
creasing. When an indifferent informed trader may mix and an indifferent high-cost rival
may prepare with any probability, the threshold pair is a pair of Lemma A.7 exactly at the
strengths with 1 < v(r) < M and pJ(r) < k < J(r); on these strengths its entry, with

entry p after a sale and after the zero order,

k —pJ(r)
Ar(r) [1-7(r)]*

Er(r)=p+(1-nm)b

is nonincreasing. Where t(r) = M, the threshold rate is s* = A, and a purchase at that

rate is a full purchase, the pair (F) of Lemma A.7.

(d) Existence at the prior 1/2. Let the prior be 1/2 and T > 1/2, including v > 1, and let an

indifferent informed trader mix over its best orders. Under either tie rule for the rival an
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equilibrium exists against F. If pAr < 2k, the uninformative market is one. If pAr > 2k, the
low-class rate of Lemma A.8 is S— = min{A, b (pAr/k —2)} > 0. If u+(5-) < 7, both classes
trade at the rate §_ and entry is p after every order. If u.(5-) > 1, the low class sells at the
rate §_, class H buys at the rate min{A, b (Ar/k —2)} > §_, a purchase recruits a high-cost

rival, and entry after a sale and after the zero order is p.

An uninformative market is an equilibrium with oy = o = 99, and an informative market is an

equilibrium with informed trade.

Proof of Proposition 3(a). Fix F and the default tie rules. The proof has four steps.

Step 1: a prior at or above the threshold. Let m > 7. In an uninformative market every posterior
ism > 7, so Lemma A.2(d) gives entry one after every order, and Lemma A.3 gives Ky = Ar(1 —m)
and K; = Apm. An uninformative market therefore needs Ay max{x,1 — 7} < k. Under this
inequality no candidate with informed trade is an equilibrium. By Lemma A.3(a) such a candidate
puts no weight on a wrong-signed order. If s, > 0, then u(1) = u(sy) > >71,50¢€(1) =1
and Ky = Ar[1 — uy(sy)] < Ap(1 —m) < k: class H strictly prefers abstention. If s_ > 0, then
u(=1) = pu_(s-) <mande(-1) < 1,s0 K; < Arm < k: class L strictly prefers abstention. So
coexistence needs < 7.

Step 2: the uninformative market when m < 7. Let m < 7, so Lemmas A.7 to A.9 apply. An
uninformative market has s, = s_ = 0, so by Lemma A.9 it is an equilibrium exactly when (0, e(1))
is the pair (N) of Lemma A.7 and O is the rate (N) of Lemma A.8, that is when pAr(1 — ) < k and
pArnt < k,or Ar < A?. Its entry is then p after every order and its prices follow from condition
(1v), so there is exactly one uninformative market.

Step 3: informative markets when m < T and Ay < AI}I. Since pArm < k, Lemma A.8 gives
s_ = 0inevery equilibrium, so s; > s_, and by Lemma A.9 the equilibria are the pairs of Lemma A.7
with s_ = 0 and entry p after the orders O and —1. An informative market has s; > 0. The pair (Q)
is impossible, because pAr[1 — uy(s+)] < pAr(1 —x) < k for s, > 0, and so is (F) with M < 7,
for the same reason. The remaining pairs, (R), (T) and (F) with M > 7, need u.(s+) > 7 for some
s+ <A,507 < M;since e(1) < 1, they alsoneed k < e(1)Ar[1 — us(s+)] < Arp(1 —7) = J, that is
Ar > k/(1 — 7). With Step 1, coexistence implies (A.7).

Conversely, let F satisfy (A.7). Thent < M < 1 and J > k, and Step 2 gives the uninformative
market. If A7 > AL thatis A7 (1 — M) > k, the pair (F) holds with e(1) = 1, which an indifferent
high-cost rival chooses when M = 7. It is the only informative pair: atevery sy < A with u,(s;) > 7
the return A7[1 — u4 (s4)] exceeds Ar(1 — M) > k, so neither (R) nor (T) holds. If Ay < AL, then
Ar(1-=M) <k <J =Ar(1 -7),s07 < M and (F) fails. The return s — Az[l — u,(s)] is
continuous and strictly decreasing on [s*, 4], from J > k to Ar(1 — M) < k, so it equals k at exactly

one 54 € [s*,1). At s, = s*, which happens exactly when J = k, this is (T) with ¢* = 1; at s > s*
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it is (R); and no other informative pair exists. In every case the low class abstains, entry after the
orders 0 and —1 is p, and Lemma A.9 completes the tuple. The equation Ay(1 —7)b/(b + nts) = k
has the root s = (b/m)[(1 — m)Ar/k — 1], which is at least A exactly when Ar(1 — M) > k, because
1-M=(1-m)b/(b+ nd). This gives the stated rate.

Step 4: entry and the shape of the region. EntryisE = ) Pr(X = x) e(x). Withe(0) = e(-1) =
p,e(l)=1landPr(X =1)=n(b+s+)+ (1 —m1)b=b+nrsy,entryis p+ (1 — p)(b + 7s), and
b+nsy =min{(1-m)bAr/k, b+nA} gives (A.8). The prior, b, A and k are fixed, so entry depends
on F only through Ar. The two terms of the minimum are equal exactly at Ay = A;, SO entry rises
strictly with A7 below A; and is constant above. With 7 < M < 1, the inequality k/(1 — 1) < Ay is
7 < 1—k/Ar. The set of pairs (Ar, 7) that satisfy (A.7) is therefore the intersection of the hypograph
of the concave function Ay — 1 — k/Ar on Ar > 0 with three half-planes, and it is convex. Its two
spread bounds give 1 — 7 > pmax{n,1 —x}. Son <7 <1-pmax{n,1 -} <1 - px, which

requires 7 < 1/(1 + p). O

Proof of Proposition 3(b). Along a path, B,(u) = gr(r) + uy(r) = ugu(r) + (1 — u)gr(r) is
nonincreasing in r atevery u € [0, 1], because gy and g are, and A7 is nondecreasing (Lemma A.5).
Since y > 0, the condition & < 7(r) is B,(7) < cy, an up-set, and 7(r) < M is B,(M) > cy, a
down-set; Ap(r) > A? is an up-set, and Ayp(r) < AI}I a down-set. An intersection of up-sets and
down-sets is an interval: if 7’ < r < r” and r’ and r” belong to it, then r belongs to each up-set
because r’ does, and to each down-set because r” does.

By part (a), an uninformative market coexists with a full purchase exactly where (A.7) holds and
Ar(r) > Al;. There J = Ar(1 — 1) > Ar(1 — M) > k, so the condition k/(1 — 7) < A7 holds, and
the setis {r : m < 7(r) < M, Al; < Ar(r) < AI}I}, an interval. By part (a), a strength r at which an
uninformative market coexists with a mixed purchase that recruits or with the threshold pair has
Ar(r) < AL < A7 (') at every strength ’ of this interval, so < r’, because Az is nondecreasing.
Finally, {r : m# < 7(r) < M, Ar(r) < A¥ } is an interval that contains every strength with coexistence.
If coexistence holds at 7’ and " but not at r € (r/,r”), then r lies in this interval, and Ayp(r) > A;

would put r in the set of full purchases; so Ar(r) < A;. O

Proof of Proposition 3(c)(i) and (c)(ii). Since 1 — 7 = (gg —cn)/y,J = Ar (gg — cy) /7y atevery
strength, with y > 0 nonincreasing and y = I — Ay for the fixed class mean gap I' = Ey0 — E; 6
(Lemma A.5). Let J(r) > k and v’ > r. Then Ap(r)[gu(r) — cy] = y(r)J(r) > 0, and the balance

condition gives

Ar(r)lgn(r) —cnl _ Ar(r)[gn(r) —cul  Ar(r)lgu(r) - cnl

OETRe T v T

=J(r) > k.

So {J > k} is an up-set on which J is nondecreasing. If A7(r") > Ar(r), then y(r") < y(r) and the
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second inequality is strict. By part (a), and because T < M < 1 at every strength with coexistence,
the strengths with coexistence are {r <t} N{J = k}Nn{r <M} n{Ar < AI}I}: two up-sets and
two down-sets, by the proof of part (b). They form an interval, and the argument holds at every
prior and every slot.

For (c)(ii), T > & at the weakest strength and {7 < 7} is an up-set, so it is all of /. Continuity
of A7 and 7 makes {J > k}, {r < M} and {Ar < AI}I} closed subsets of the compact interval /. A
closed up-set of / is empty or runs from its least element to max /, and a closed down-set is empty
or runs from min / to its largest element. The set with coexistence is therefore empty or the closed
interval from the weakest strength with J > k to the smaller of the strongest strength with 7 < M

and the strongest strength with Ay < AI}I. O

Proof of Proposition 3(c)(iii). The distributions U|[0,r], r € I, are continuous and ordered by
first-order stochastic dominance. Write I' = Ey0 — E; 6 for the class mean gap. Every r € I has
r>minl > p,so (r> — p?)/(2r?) > 0 on I. The proof has four steps.

Step 1: the auction terms. Fix r € I and let R be uniform on [0,r]. A high-class value
6 > max I > r wins against every incumbent value and pays max{p, R}, whose mean s r/2+p?/(2r).
A low-class value @ € [p,minl] C [p,r] earns E(8 — max{p, R})+ = (6% — p?)/(2r), and the
target receives 6 minus this rent. Averaging over each class gives

ro p? 3 E 6% — p? rp? Er 6% — p? _Ep(r - 0)?

=Epl - - ——, , Ar==-+—-E; 0+ ,
§H = EHY =5 T 5, 5L 2r T=5%o, 2r 2r

soy =gy — 81 = Ey@ —r/2 —E16%/(2r) and A7 + y = T on I. These functions are smooth in

r >0, and
2 2 2 2
-E; 0 —
i L et s
2r2 2r2

where A7 > 0 because Er6% < (minI)? < r2. Also Ar(r) > O for every r > min I, because every

A’T = , vy = _A,T’

low-class value is at most min /.
Step 2: three inequalities. First, Ey0 — cy > max 1 > r, so
2 2 2 2
rop r
—-cg=EByb-cp—-—=z—-—2=>=
8H H H H TR

Second, every low-class value lies in [0, 7], so

ELrez _E, [9(1 - 9)] > 0.

I’A%—ATZELQ— ,

Third, Ez6 > max I + cy > r + cgy and Ez6% < r?, so vy=>(r+cy) —-r/2- rz/(Zr) =cy > 0.

Hence gy > gz and ' = A7 +y > 0.
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Step 3: the product. By Steps 1 and 2,

2 2 2 2
r-—p r-—p ’
22 Ar > 22 (I”AT —Ar) >0,

(Ar (gu —cn)) = Ay (g —cn) -

so Ar(r) [gu(r) — cy] is nondecreasing on .

Step 4: the return J. Since J = Ar (gy —cp)/y and y' = —A7,

— 2_,2
(Ar (gu —cm))y + Ar(gu —cn) Ny T(gn —cn) Ay — 55 Ary
2 72
rP-p? Trdi—Ary P2-p> M (T-y) _(7-p)4;
2r? y? T 22 y? 2r2y?

J =

=

The first inequality uses gy — ¢y > r (r* — p?)/(2r?) and A}, > 0; the second uses rA}, > Ar and
" > 0. The bound is nonnegative on I and positive wherever A7 > 0, which includes every » > min I

by Step 1, so J is strictly increasing on /. O

For point-mass classes at i and ¢, the hypotheses of part (c)(iii) read £ € [p, min /], p < min/
and max/ + cy < h.

Proof of Proposition 3(c)(iv). Since 1 — 7 = (gg — cu)/y, Ar(1 = 17)* = Ar(gny — cu)?/y?. The
numerator is nonnegative and nondecreasing by hypothesis, and 1/y? is positive and nondecreasing,
because y > 0 is nonincreasing; their product is nondecreasing.

By the pair (T) of Lemma A.7, when an indifferent informed trader may mix and an indifferent
high-cost rival may prepare with any probability, the threshold pair needs 0 < s* < A, that is
7 <t<M,and p < k/J <1, thatis pJ < k < J. With entry p after a sale and after the zero
order, its entry is p + (k/J — p)(b + ns*), and b + ns* = (1 — )b/ (1 — T), which gives the display.
Let r < r’ be two strengths of this set. Both have J > k, so part (c)(i) gives J(r’) > J(r) and
0 < k—pJ(r') < k—pJ(r), and the first sentence gives A7 (r')[1 —=7(+")]> > Ar(r)[1 = 7(r)]? > 0.
Hence E1(r’) < Et(r). Finally, s* = A exactly when 7 = M, and the purchase at the rate A is the
pair (F). m|

Proof of Proposition 3(d). Fix F and the slot, and let the prior be 1/2. Since 7 < 7, Lemmas A.7
to A.9 apply against F. The proof has five steps.
Step 1: the frame. At the prior 1/2,

1 —pui(s) = = u_(s) for every s € [0, 1],

2b + s

and in particular 1 — M = m = b/(2b + A). Each tuple below has no wrong-signed order, rates with

s+ > s_, entry p after a sale and after the zero order, a stated entry e(1) after a purchase, the prices
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P(x) =ty + e(x) w(u(x)), and the rival’s belief u(x) at the price P(x). By Lemma A.9, such a
tuple is an equilibrium under a pair of tie rules when (s, e(1)) is a pair of Lemma A.7 and s_ is a
rate of Lemma A.8 under those rules. Steps 2 to 5 establish these two conditions.

Step 2: the uninformative market. Let pAr < 2k, and take s, = s_ = 0 and entry p after every
order. Every posterior equals 1/2 < 7. The pair (0, p) is the pair (N) of Lemma A.7, because
pAr(1—m) = pAr/2 < k, and the rate O is the rate (N) of Lemma A.8, because pArm = pAr/2 < k.
Neither condition involves a tie at the threshold, so the uninformative market is an equilibrium under
either tie rule for the rival.

Step 3: the low-class rate. Let pAr > 2k. By Step 1, pArm > k holds exactly when
b (pAr/k —2) > A. At the prior 1/2 the rate §_ of Lemma A.8 is b (pAr/k —2) when pArm <
k < pAr/2,and A when pArm > k. Hence §_ = min{A, b (pAr/k — 2)} > 0, the one rate of that

lemma, and every tuple in Steps 4 and 5 has s_ = §_. Its gross return at entry p satisfies
PAT p-(5-) 2 k, (A9)

with equality when §_ < A. Indeed, if §- = b (pAr/k — 2), then 2b + §_ = bpAr/k and
u—(85-) = k/(pAr); if - = A, then pAru_(A) = pArm > k.

Step 4: a purchase at the rate §_ does not recruit. Let pAr > 2k and ;. (5-) < 7. This is the
case whenever 7 > 1, because 4 (5-) < M < 1. Take s, = §_and e(1) = p. If §_ < A, then (§_, p)
is the pair (Q) of Lemma A.7: 0 < §_ < A, u+(5-) < 7,and pAr[1 — u+(5-)] = pAru—(5-) = k by
Step 1 and (A.9). If §_ = A, then M = u, (1) < 7, s0 (4, p) is the pair (F), and its return condition
pAr(1 — M) = pArm > k holds. The posteriors pu_(§-) < 7, uo = w and u4(§-) all lie below 7, so
the tuple is an equilibrium under either tie rule for the rival, with entry p after every order.

Step 5: a purchase at the rate §_ recruits. Let pAy > 2k and u,(5_) > 7,sothat 7 < u,(§_) <
M < 1. Take e(1) = 1 and s = min{A, b (Ar/k —2)}. By Step 1 and (A.9),

Ar[1 = pe(8)] = Appu_(8-) 2 k/p > k. (A.10)

Since Ar(1-M) = Arb/(2b+1), the inequality A7 (1—M) > k holds exactly when b (Ap/k—2) > A.

IfAr(1-=M) >k, thensy =2 >5_,and M = puy (1) > u4+(5-) > 7. When M > 1, the pair (F)
of Lemma A.7 has e(1) = 1; when M = T, either tie rule for the rival admits e(1) = 1. The return
condition e(1)A7(1 — M) = Ar(1 — M) > k holds, so (4, 1) is the pair (F).

If Ar7(1 = M) < k, then sy = b(Ar/k —2) < A, and §_ < A, because §_ = A would give
Ar(1 = M) = Ar[1 — puy(5-)] > k by (A.10). The return Ar[1 — u(s)] = Arb/(2b + s) is
continuous and strictly decreasing in s. It exceeds k at s = §_ by (A.10), and it equals k exactly at
s = s4+. Hence §_ < s4 < A. Since u. rises strictly, uy(s4+) > pu+(5-) > 7, so Lemma A.2(d) gives

entry one after a purchase under either tie rule for the rival, and (s, 1) is the pair (R) of Lemma A.7.
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In both cases s, > §_ = s_. The posteriors after a sale and after the zero order are at most

1/2 < 1, so their entry is p under either tie rule for the rival, and Step 1 shows that the tuple is an

equilibrium. O

Two intervals of coexistence. Without the balance condition, the strengths with coexistence along
a path can form two disjoint intervals, even when class H outbids every incumbent and its value
exceeds every incumbent value by more than cy. Keep every primitive of the example except the
incumbent distribution, take the prior 1/2 and any slot with 141/200 < M(1/2) < 4245/5804,
the example’s thresholds at r; and r;, and for r € [0, 2] let F, put weight 0.9 on a lower uniform
distribution and the rest on an upper uniform distribution, both of half-width 0.01. The centre
of the lower distribution rises linearly from 0.6 to 0.98 as r runs over [0, 1] and then stays there;
the centre of the upper distribution stays at 1.57 on [0, 1] and rises linearly to 1.8 as r runs over
[1,2]. Every lower value lies between p and ¢, and every upper value between £ and 4. On [0, 1]
the incumbent strengthens only where it loses to both classes: both profits fall, the spread stays
constant, 7 rises and J falls. On [1, 2] it strengthens between the class values, and the spread widens.
An uninformative market and an informative market coexist exactly on [0, '] U [r”,2], where
' =3137/6498 ~ 0.482764 and r” = (1485 — V2127361) /23 ~ 1.150106 are the two strengths in
[0,2] at which J(r) = k. The strengths with a sure purchase form one interval inside the second

. . F
piece, and on the gap the spread lies below A;.

Other tie rules. The results above take the default tie rules. The two alternatives change the

region of part (a) as follows.

* When an indifferent high-cost rival may prepare with any probability, an uninformative market
and an informative market coexist against F' exactly when F satisfies (A.7), or when 7 = m and
k/(1-nm)<Ar < A?. At T = m, one uninformative market has entry p after every order, and
one informative market is constructed as in part (a), with entry p after a sale. Inside the region,
wherever 7 < M and J > k, the threshold pair with e(1) = k/J is a further informative market,
and its entry lies strictly between p and (A.8). Where 7 = M, a full purchase is an equilibrium

with each entry after a purchase in [k/J, 1].

* When an indifferent informed trader abstains and an indifferent high-cost rival prepares, an
uninformative market and an informative market coexist against F exactly when 7 <7 < M
and A!; < Ar < AI}I , and the informative market is the full purchase. When an indifferent
informed trader abstains and an indifferent high-cost rival may prepare with any probability,
the distributions with 7 = 7 and AT < Ay < AY join this set.
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Proof of the statements on other tie rules. Each statement follows from Lemmas A.7 to A.9 and the
steps of the proof of part (a).

An indifferent informed trader may mix, and an indifferent high-cost rival may prepare with any
probability. If T < &, every posterior of an uninformative market lies strictly above 7, so Step 1
of the proof of part (a) applies with no tie, and coexistence fails. If 7 < 7, Steps 2 and 3 hold as
written: the pairs (N) and (Q) involve no tie at 7, the pairs that need p4(s+) > 7 still need 7 < M
and J > k, and the informative pair constructed in Step 3 remains available, the full purchase with
e(1) = 1 at T = M and the threshold pair with ¢* = 1 at J = k. The coexistence set for 7 < 7
is therefore (A.7). Inside the region, where 7 < M and J > k, the threshold pair has 0 < s* < 4
and ¢* = k/J < 1; since 7 > m and Ay < AN, pJ < pAr(l —7) < k, s0 e* > p. With s_ = 0,
Lemma A.9 makes it an equilibrium. Its entry p + (¢* — p) (b + 7s*) exceeds p, and it falls short
of (A.8), whichis p + (1 — p)(b + ms;), because ¢* < 1 and s* < s, the return at s* being J > k.
Where 7 = M, J = Ar(1 — M) > k and pJ < k, and the full purchase meets its return condition
exactly when e(1)J > k, that is for e(1) € [k/J, 1].

Let 7 = n. Every uninformative market has entry at least p, so it needs pAy max{x, 1 — 7} < k,
that is A7 < AY; conversely, entry p after every order is allowed at the posterior 7 = 7, and it gives
an uninformative market. Under A7 < AN, a sale at a positive rate has a posterior below 7, entry p
and a gross return below pArm < k, so s— = 0 in every equilibrium. A purchase at a positive rate
has a posterior above 7, so e(1) = 1, and its return A7 [1 — u4(s4)] falls strictly from Az (1 — 7) at
s+ =0to Ar(1— M) at s, = A. An informative market therefore exists exactly when A7 (1 — ) > k:
a full purchase when Ar(1 — M) > k, and otherwise a mixed purchase at the root in (0, ). Its
posteriors satisfy g < 7 = u_(0) < u4(s+); with entry p after the zero order and, at the tie, after
the sale, the sufficiency argument of Lemma A.9 applies.

An indifferent informed trader abstains. Then (Q), (R) and (T) drop out of Lemma A.7, the
pair (F) needs a strict return, and the rate (N) of Lemma A.8 is unchanged. Step 1 of the proof of
part (a) uses strict inequalities only, so it excludes 7 < m, and it excludes 7 = 7 when an indifferent
high-cost rival prepares. Let 7 < 7 and Ar < Al}I . The low class abstains, because a full sale earns
pArm < pArn < k, and the informative market is a full purchase with u, (1) = M > 7, entry one
after it, and A7 (1 — M) > k, that is A7 > AF; a rival who may prepare with any probability admits
entry one at M = 7 as well. When it may prepare with any probability and 7 = =, the argument for

7 = m above applies with the full purchase as the only informative pair, so Al; <Ar < AI}I. O

The example

The path and its marked strengths. In the example the classes are point masses at 4 and ¢,
the incumbent is uniform on [0, r], and (A, ¢, p, p,cy, k) = (10,1,1/2,1/4,6,1/50). The path is
r € [ro,r2], with (ro,r1,72) = (6/5,3,18/5). Onit € <r < h,so Ap(r) > 0and gy (r) > g1 (r).
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On the path A7(r) = (r — £)?/(2r), with A (r) = % — £2/(2r?) > 0, and the gross return of a

purchase that just reaches 7(r) and recruits is

(r=0%[2r(h—cu) - r* - p*]
2r (2rh —r?2 = £2)

J(r) =Ar(r) [1 -7(r)] =

Write t(y) =+ y + m, the root above ¢ of Ar(r) = y; Ar(r) < y holds exactly when
r < r(y). Atthe prior 1/2 write M = M(1/2) and m = 1 — M. Four marked strengths do not
depend on the slot: r4, the root of J(r) = k in (rg,r2); rnv = t(2k/p); ry, the root of pJ(r) = k
in (rg,r7); and r., the root of pAr(r)7(r) = k in (rg,r3). Foraslotwith0 <A< 1,0<B8<1/2
and 7(r1) < M < 7(rp), three more are rp = t(k/(1 = M)), rs = t(k/(pm)), and r¢, the root of
7(r) = M in (ry,r). Lemma A.10 makes ry4, ry, rc and r, unique.

At r4 a purchase that just reaches 7 and recruits earns k; at r; the same purchase without
recruitment earns k; at ry a unit order against an uninformative market earns pAr/2 = k; atrp a
full purchase that recruits earns A7 (1 — M) = k; and at rg a full sale earns pAym = k. The root r¢
of 7(r) = M, that is of B,(M) = cy, has the closed form

B Mh—CH+\/(Mh—cH)2 + M[(1 - M) - p?]

rc M .

Lemma A.10 (The example path). On the path [rg, r2] of the example:

(a) T is strictly increasing, with t(ro) = 195/308 > 1/2 and t©(rp) = 4245/5804, so that
1-p—-1(rp) =27/1451 > 0.

(b) The path is a uniform incumbent of Proposition 3(c)(iii), with h —ry — cyg = 2/5 > 0. The
product Ar(r) [gu(r) — cul has derivative at least 9667/8280 - A%.(r) > 0 at every r. Hence
J is strictly increasing, with J(rg) = 113/18480 < k and pJ(r;) = 263471/4178880 > k.

(c) The product Ar(r) [gu(r) — cy)? has derivative at least 937/5520 - [gr(r) — cH] A%(r) >0

at every r, and Ar(r) [1 = 7(r)]? is strictly increasing on the whole path.
(d) Arp(r)t(r) is strictly increasing.

Proof. On the path ¢ < r < h, and Step 1 of the proof of Proposition 3(c)(iii) gives

B rop? _gz_pz
gn=h-2-2-  gL=

(r —¢)? 2rh —r? — £2
, Ar = ==
2r

2r 2r Y 2r

(a) The threshold 7 = (cy —g1)/y is the ratio of the numerator 2rcy — €2 + p? to the denominator

2rh —r? — 2. The denominator exceeds r2 — £2 > 0, because 2h — r > r. The derivative of 7 has
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the sign of the derivative of the numerator times the denominator, minus the numerator times the

derivative of the denominator, which is
2e(r? =03 +2(62 - pH)(h-1) >0,

since { <r < hand ¢ > p. The two values follow from the closed form of 7, and the last from
o =1/4.

(b) The interval I = [rg,r;] has p < £ < rg and h > ry, and the margin i — r, — cp is the stated
one, so the path is a uniform incumbent of Proposition 3(c)(iii). Directly, g}, = —(r? = p»/(2r?)
and Ar /AL =r(r =€) /(r + ), so

(=)= 0
2r(r+ 1)

(Ar (g —cn)) = Ny (gu — cun) + Arghy = Ay |lgn — cn —

In the bracket, gy — c falls strictly, because g7, < 0 for r > p, and the subtracted term rises strictly,
as the product of the positive increasing functions (r> — p%)/(2r) and (r — £)/(r + €). The bracket
is therefore smallest at r,, where it equals 9667/8280, and this gives the bound. In particular
gr — cg > 0 on the path, so the numerator Ar(gy — cy) of J = Ar(gy — cy) /7y is positive and
strictly increasing, and vy is positive and strictly decreasing, since y* = —A%. < 0. Hence J is strictly
increasing. The two values follow from the closed form of J.

(c) In the same way,

(2 =P -0
r(r+1?) ’

(Ar (gu —cn)?) = (g —cu) Ny |gn — cn —

and the bracket, strictly decreasing for the same reasons, equals 937/5520 at r,. Since gy — cy > 0,
this gives the bound, which is positive. Division by y2, positive and strictly decreasing, shows that
Ar(1 = 1)% = Ar(gy — cy)?/y? is strictly increasing on the whole path.

(d) A7 and 7 are positive and strictly increasing on the path, by A7. > 0 and (a), so their product

is strictly increasing. O

By part (b), J(rg) < k < pJ(r2) < J(rp) and pJ(rg) < k, so the roots r4 of J = k and r; of
pJ = k exist in (rg, r2), and they are unique because J is strictly increasing. The root r¢ is unique

because T is strictly increasing, and r. because A7t is.

Lemma A.11 (The order of the marked strengths). For every slot with) <1< 1,0 < 8 < 1/2 and
T(r1) < M(1/2) < 1(rp),

ro <rpa<rp<ry<rjy<rs<ri<rc <rn.
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Proof. Each inequality reduces to a fact of Lemma A.10 or to the band 7(r;) < M < 7(r;). Every

strength in the chain exceeds ¢, where Ay is strictly increasing.
s ro<rg<ry:J(ro) <k <pJ(r) <J(ry),with pJ(r;) =59/1200, and J is increasing.

o ra <rp:Ar(rp) < k/(l—M) is (1—M)AT(I’A) <k= (I—T(I’A))AT(I”A),thatiSM > T(I‘A).

This holds because M > 7(r1) > 7(ra), since rq < ry.

s rp<ry: k/(1-M) <2k/pis M < 1— p/2. This holds because M < 7(rp) < 1 — p, by
Lemma A.10(a).

s ry < ryp: pAr(r))[1 —7(ry)] = k and 7(ry) > 7(rg) > 1/2 give pAr(r;) > 2k, that is
Ar(ry) > Ar(ry).

e ry<rs: Ar(ry) <k/(pm)is p(1 = M)Ar(ry) < k = p(1 —1(ry))Ar(ry), thatis M > 7(ry).
The value pJ(ry) > k givesry <ry,so M > 7(ry) > 7(ry).

* rg < ry: the claim is pmAr(ry) > k. By Lemma A.10(a), m =1 -M > 1 —-1(r2) > p, so
pmAr(r1) > p*Ar(r1), and p?Ar(r1) — k = 13/600 > 0.

* r] < rc¢ < rp: this is the band, since 7 is increasing. O

The root r, lies in (ra,ry). Write 74 = 7(ra). Since J(ra) = k, Ar(ra) = k/(1 — 14),
and pAr(ra)ta < k is pt4 < 1 — 14, which holds because (1 + p)t4 < (1 + p)(1 = p) < 1 by
Lemma A.10(a). At ry, pAr(ry)t(ry) =2k t(ry) > k.

Table A.1 gives the marked strengths at the example’s slot, 8 = 0.294655 and 1 + u = e, so
that 4 = 0.336122. The roots r4, r; and r, are unique by Lemma A.10; rr, ry, rs and r¢ have the
closed forms above. Each value is rounded to six places.

Table A.1. Marked strengths of the example at the prior 1/2.

Strength  Definition Value in the example Depends on the slot
ra J(r)y=k 1.393958 no
rE Ar(r)(1-M) =k 1.467127 yes
N pAr(r)/2 =k 1.747878 no
ry pJ(r) =k 1.966097 no
rs PAr(rym =k 2.124148 yes
re T(r)y=M 3.592659 yes
Ts pAr(r)Tt(r) =k 1.634218 no
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The forms at the prior 1/2. Take the prior 1/2 and a slot with 7(r;) < M < 7(rp). Then
1 —pus(sy) =b/(2b +s4), u—(s-) =b/(2b + s_) and s* = b(27 — 1)/(1 — 7). Under the default
tie rules the low class sells at the rate of Lemma A.8,

§-(r)=0on[ro,ry],  8-(r) =b[pAr(r)/k =2]on (ry,rs), ~ 5-(r) =Aon[rs,r],

and class H’s pair takes one of five forms:
* N, an uninformative market: s, = 0 and e(1) = p;
* R, a mixed purchase that recruits: s, = sg(r) := b[Ar(r)/k —2] and e(1) = 1;

* F, a full purchase: s, = A, with e(1) = 1 for r < r¢, e(1) = 1 at r¢ because an indifferent

high-cost rival prepares, and e(1) = p for r > r¢;

* Q. mixed orders at the entry floor: 5. = so(r) := b[pAr(r)/k —2] = §_(r) and e(1) = p;

T, the threshold pair: s, = s*(r) and e(1) = e*(r) = k/J(r), which requires J(r) = k, that is

I =TrAp.

The forms R, Q and T need an indifferent informed trader who may mix. When an indifferent
high-cost rival may prepare with any probability, a full purchase at r¢ admits every e(1) € [p, 1],
and the threshold pair is a pair of Lemma A.7 exactly on [ra, r;], where pJ(r) < k < J(r).

Each form defines the equilibrium tuple completely:

e orders: og(1) =s4/A, 04(0) =1 -5/, 00(=1) =5_(r)/A, 0(0) =1-=5_(r)/A;

* posteriors: u—(8-), po(s+,5-) and w4 (s4) after the orders —1, 0 and 1;

beliefs of the rival: (P (x)) = u(x) at each price;

* high-cost preparation: {(P(1)) = (e(1) — p)/(1 — p), and {(P(x)) = O at the prices of the

orders 0 and —1;
e prices: P(x) =19+ e(x) w(u(x));
* bids: truthful.

If two orders share a price, they share the posterior and the entry (Lemma A.9), so { is well defined

as a function of the price.

Corollary 2 (Coexistence in the example, full statement). Take the example at the prior 1/2,
aslotwith) <A< 1,0<B8<1/2and t(r1) < M(1/2) < 1(r3), and the default tie rules. The
equilibrium set at each strength of the path is
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Strength Equilibria

ro<r<rs N

r=ru N; T with entry one after a purchase
ra<r<rr N;/R

rr<r<ry N;F

ry<r<ry F;Q

ri<r<ry F

In each, the low class sells at the rate §_(r). Entry is p in an uninformative market and in mixed
orders at the entry floor; Er(r) = p + (1 — p) bA7(r)/(2k) in a mixed purchase that recruits, and
Er(ra) in the threshold pair at r 4; and Eg = p + (1 — p)(b + A/2) in a full purchase up to rc, with
Er = p above rc.

(a) An uninformative market and an informative market coexist exactly on [ra,ry].

(b) Along the informative branch, entry is p + (1 — p) min{bAr(r)/(2k), b+ A1/2} on [ra,rc] and
p on (rc,ra]. It is continuous on [ra,rcl, rises strictly on [ra,rr], is constant on [rg,rc],

and returns to the floor p above the entry ceiling rc.
(c) The equilibrium set is nonempty at every strength.

Proof of Corollary 2. Fix a slot in the band and the prior 1/2. The proof has eight steps. Steps 2
and 3 classify the pairs and the rates under each pair of tie rules; Step 5 assembles the set under the
default tie rules.

Step 1: the frame. By Lemma A.10(a), 7(r) > 7(r9) > 1/2 = n on the path, so Lemmas A.7
to A.9 apply at every r. Every equilibrium has a high-class pair from Lemma A.7 and a low-class
rate from Lemma A.8. Step 4 shows s, > s_ for every such combination, and Lemma A.9 then
gives the equilibrium set as their product. Recall 1 — M = 1/(2 + u) and ub = A.

Step 2: the high-class pairs. Use Lemma A.10, the definitions of the marked strengths, and
Lemma A.11.

* (N) holds if and only if pAr/2 < k, thatis r < ry.

* (R): Arb/(2b + s54) = k gives sy = sg(r). Then py(sg) > 7 if and only if k/Ar < 1 — 7, that
is J(r) > k, thatis r > r4. Also sg < A if and only if Ap/k < 2 + u, thatis Ap(1 — M) < k,
thatis r < rg. So (R) holds if and only if r4 < r < rp, with an indifferent informed trader who

may mix.

* (Q): pArb/(2b + 54) = k gives s+ = so(r). Then sp > 0if and only if r > ry; pi(sg) < 7 if
and only if pJ(r) < k, thatisr < rj; and sg < A if and only if pAr(1 — M) < k, thatisr < rg.
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Since ry < rg, (Q) holds if and only if ry < r < r;, with an indifferent informed trader who

may mix.

e (T): s € (0,2)ifand only if 1/2 < 7(r) < M, thatis r < r¢. Also p < e* < 1 if and only if
pJ(r) <k <J(r),thatisry <r <ry,and e¢* = 1 if and only if r = r4. Since r; < r¢, (T)
holds at r4 when an indifferent high-cost rival prepares, and on [r4, r;] when it may prepare

with any probability, with an indifferent informed trader who may mix in both cases.

e (F):forr <rc, M > 1(r), so e(1) = 1, and the condition is Ap(1 — M) > k, thatis r > rg
(r > rr when an indifferent informed trader abstains). For r > r¢, M < 7(r), so e(1) = p, and
pAr(1 — M) > k holds because r > r¢ > rg. Atr = r¢, an indifferent high-cost rival who
prepares gives e(1) = 1; one who may prepare with any probability allows any e(1) € [p, 1],
and every such value meets the condition because pAr(r¢)(1 — M) > k. So (F) holds if and

only if r > rr when an indifferent informed trader may mix, and r > rr when it abstains.

Step 3: the low-class rate. At the prior 1/2, Lemma A.8 gives, when an indifferent informed
trader may mix, s- = Oifand only if r < ry, s = Aifand only if r > rg,and §_(r) = b(pAr/k —2)
on (ry, rs). When an indifferent informed trader abstains, no rate qualifies if and only if pArm <
k < pAr/2, thatis on (ry, rs].

Step 4: sy > s_. Forr <ry, s- =0 < s;. Forr > ry, the pairs are (F) with sy = 4 > s_;
(Q) with s, = so(r) = §_(r); and (T) with ry < r < r;. For (T), s* > §_(r) if and only if
2r-1)/(1=71) = pAr/k -2, thatis 1 /(1 — 1) > pAr/k, thatis pJ(r) < k, which holds for r < r;.
By Lemma A.9, entry after the zero order and after a sale is p in every equilibrium.

Step 5: the set. Combine Steps 2 to 4 with the order of Lemma A.11. Under the default tie
rules the set is: an uninformative market on [rg, 74); an uninformative market and the threshold
pair with e* = 1 at r4; an uninformative market and a mixed purchase that recruits on (r4, rr); an
uninformative market and a full purchase on [r, ry]; a full purchase and mixed orders at the entry
floor on (ry, ry); and a full purchase on [ry, r;]. In each, the low class sells at the rate §_(r) of Step
3. On [rg, ry] this is Proposition 3(a) on the path, since there Ar(r) < AN, 7 < 7(r) < M, and
J(r) > k exactly when r > ry.

Step 6: the tuples. Fix a form and a strength at which Steps 2 and 3 admit it. Step 4 gives s, > s_,
so the sufficiency part of Lemma A.9 shows that the tuple satisfies (E1) to (E6). In particular, if two
orders have equal posteriors, one of them is 0 or —1, so the common posterior is at most 1/2 < 7,
and both orders have entry p and the same price.

Step 7: entry. Entry is E = )}, Pr(X = x) e(x). Since e(0) = e(-1) = pand Pr(X =1) =
T(b+s.)+3b=b+s:/2,E=p+[e(l)—pl(b+s:/2).

* A mixed purchase that recruits: b + sg/2 = bAr/(2k) and e(1) = 1, so Er(r) = p + (1 —
p) bAr(r)/(2k). Itrises strictly in r because Ay does. Atrg, Ar(rp) = k/(1-M) = k(2+u),
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so bAr(rp)/(2k) = b + ub/2 = b + 1/2, and the mixed purchase joins the full purchase

continuously.

* A full purchase: b + A/2, with e¢(1) = 1 up to r¢ and e(1) = p above r¢. So Ep =
p+(1-p)(b+a/2)on[rr,rc] and Ef = p on (r¢c, r2].

* An uninformative market and mixed orders at the entry floor: e(1) = p, so E = p.

* The threshold pair at r4: J(ra) = k gives Ap(ra)/k = 1/(1 =1(ra)), so s*(ra) = sg(ra), and

with e* = 1 its entry is Eg(r4).

Along the informative branch, entry is therefore p + (1 — p) min{bAr(r)/(2k), b+ A/2} on [ra,rc]:
it is continuous, rises strictly on [r4, rr| because Ay does, and is constant on [rg, r¢]. Above r¢ it
is p. The strict rise uses a mixed purchase, which needs an indifferent informed trader who may mix.
Step 8: existence. Proposition 3(d) applies at every strength, since 7(r) > 1/2 by Step 1.
Directly, an uninformative market exists on [rg, x| and a full purchase on [rg, 2], and rp < ry.
Parts (a), (b) and (c) are Steps 5, 7 and 8. O

The example’s slot. Table A.2 gives the equilibrium set at the example’s slot under the default tie
rules. In a mixed purchase that recruits, entry is 0.459588 at r = 1.40 and 0.506112 at r = 1.45.
The low class abstains on [rg, ry], mixes on (ry, rs) and sells for sure on [rg, r;]. The strengths
1.55, 1.60 and 1.65 lie in [rp,ry], where the equilibria are an uninformative market and a full
purchase under the default tie rules. When an indifferent high-cost rival may prepare with any
probability, the threshold pair adds entry 0.341462, 0.321311 and 0.305208 at these three strengths.
The first two values are Er of Corollary 2, and the last three are Et of Proposition 3(c)(iv) at the

prior 1/2, each at the stated strength.

Table A.2. The equilibrium set of the example at the prior 1/2 and the example’s slot, under the default tie
rules.

Strengths Equilibria Entry

[ro, 1.393958) N 0.250000

1.393958 N; T with e* = 0.250000; 0.454185

(1.393958, 1.467127) N;R 0.250000; from 0.454185 up to 0.522757
[1.467127, 1.747878] N; F 0.250000; 0.522757

(1.747878, 1.966097) ; Q 0.522757; 0.250000

F
[1.966097, 3.592659] F 0.522757
(3.592659, ;] F 0.250000
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Coexistence at other priors. For a prior 7, write ry(7) = t(k/(p max{x, 1 — x})). When some
strength on the path has 7(r) < M (x), let r¢ () be the largest one. When 7(rg) < 7w < 7(rp), let ry
solve 7(ry) = m. Write 74 = 7(r4). Three priors divide the cases: ﬂf solves M (ﬂf) = T4, that is

e =1a/[ta + (1= 7a) (1 + w)]s 7 = 743 and mnax = 7(r2).

Corollary A.2 (Coexistence at every prior). Take the example, any slot with 0 < 1 < 1 and
0 < B < 1/2, any prior m € (0, 1), and the default tie rules. The set C(r) of strengths on the path at
which an uninformative market and an informative market coexist is the set of Proposition 3(a) on

the path,
C(m) = {r € [ro,r]: r>ra, n<t(r)<M(n), pAr(r)max{m,1—-n} < k}.

(a) If m < nf, C(m) is empty. At = 711:, C(m) =A{ra}.

(b) If 7r1/§’ <m< Jrgi, then C(m) = [ra, min{ry(n),rc(n)}], a nondegenerate interval. Coexistence

starts at r o for every prior in this window and every slot.

(c) IfﬂL“i < T < Tmax, then C(rt) = (rg, min{ry(x), rc(x)}], a nonempty interval with r, > ry.

Coexistence starts where the prior reaches the threshold.
(d) If 1 > Tmax, C () is empty.

At each r € C(r) the informative market is a mixed purchase that recruits or a full purchase, and
the threshold pair at r 5 in case (b). Its entry is p + (1 — p) min{(1 — 7)) bAr(r)/k, b + nd}, which

rises strictly while the purchase is mixed and is then constant.

Proof of Corollary A.2. Fix aslot and a prior. Every distribution of the path satisfies the hypotheses
of Proposition 3, since £ < r < h. By Proposition 3(a), coexistence holds at r if and only if
n<71(r) <M(n)and k/(1 —7(r)) < Ar(r) < A¥. Under 7(r) < M(n) < 1, the first spread
inequality is J(r) > k, which holds exactly when r > r4 by Lemma A.10(b), and the second is
pAr(r)max{n,1 — n} < k. This gives the display. By the same part, the informative market
is a full purchase where Ayp(r)[1 — M(n)] > k, the threshold pair with entry one at r4 where
Ar(ra)[1-M(m)] < k, and a mixed purchase that recruits elsewhere; its entry is (A.8) at A7 = Ar(r),
which rises strictly while the purchase is mixed, because Ar rises strictly on the path, and is then
constant.

By Lemma A.10(a), 7 < 7(r) holds for every r if 7 < 7(rg), forr > rpif t(rg) < 7 < 7(rp), and
for no r if # > 7(r;). The condition 7(r) < M () holds for r < r¢ () when r¢ () exists, and the
last condition holds for r < ry (7). Also pAr(ra) max{m,1 —n} < pAr(ra) = pk/(1 —14) < k,
because 74 < 7(r3) < 1 — p by Lemma A.10(a). So r4 < ry(x) for every prior.
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(a) M is increasing in 7, sO T < 71'}2 gives M () < 74 < 7(r) for every r > ry4, and no strength

lo
A

the full purchase, with A7 (ra)(1 —14) = k.

qualifies. At 7 = 7’0 < 74 only r4 qualifies, and there M (7)) = 74: the informative market is

(b) Let 77112 <m< Jrl;\i; the window is nonempty because u > 0. Forr > ra, 7(r) = 174 > 7.
Also 74 < M () givesrg <rc(m),and ra < ry(m). So C(x) = [ra, min{ry(x),rc(m)}], a
nondegenerate interval. At ra, Ap(ra)[l — M(x)] < Ap(ra)(1 —74) = k, so the informative
market is the threshold pair with entry one. The start r4 does not depend on the prior in this

window or on the slot.

(c) Let ﬂ}}\i < < Tmax- The window is nonempty, because r4 < r. and 7 rises strictly. Here
T(rg) < T4 < < 7(ry) < 7(rp), so rp exists, ry > r4, and 7 < 7(r) holds exactly for
r > rp. The interval C(nr) = (rg, min{ry(n),rc(x)}] is nonempty: r, < rc(m) because
7(rz) = < M(n); and since & > 1/2, ry < ry(n) if and only if pAr(rz)7(rz) < k, that is
rp < r, by Lemma A.10(d), that is 71 < mpax.

(d) Let m > mmax. Then 7 > 1/2, and any r with 7 < 7(r) has r > r; > r,, so pAr(r)m >

pAr(ry)7(r.) = k, and no strength qualifies. O

The priors ngi and myax do not depend on the slot. In the example ngi ~ 0.640739 and

Tmax = 0.650059, and at the example’s slot ﬂg’ ~ 0.396175.

Other tie rules in the example. Take the prior 1/2 and a slot with 7(r;) < M(1/2) < 7(r). The
threshold pair has entry one after a purchase at r4 and is an equilibrium there under the default tie
rules. When an indifferent informed trader may mix and an indifferent high-cost rival may prepare
with any probability, the threshold pair is also an equilibrium on (r4, 7], and its entry falls strictly
from Er(r4) at r4 to p at ry, by Lemma A.10(b) and (c) and Proposition 3(c)(iv); at r¢, entry after
a purchase in a full purchase can then take any value in [p, 1]. When an indifferent informed trader
abstains, under either tie rule for the rival, the equilibrium set is an uninformative market on [rg, r7];
an uninformative market and a full purchase on (7, ry|; empty on (ry, rs], where the low class has
no qualifying sale rate; and a full purchase on (rg, r2].

At a general prior and any slot with 0 < 2 < 1 and 0 < 8 < 1/2, when an indifferent informed
trader may mix and an indifferent high-cost rival may prepare with any probability, the coexistence
set is

C(n) =C(m) U {ry} forts <m < Mmax, C(n) = C(r) otherwise.

At T = mmax, the point r, = r, = 1.634218 is the whole set. At the example’s slot (1 = 0.336122,
B = 0.294655), the top posterior is M (mmax) = 0.834698, the posterior after the zero order is
0.454140, the informative market is a full purchase, which earns A7 (r,) [ 1 =M (mmax) | —k = 0.000343
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net of the trading cost, and entry is 0.560586. At every prior and every slot, when an indifferent
informed trader abstains and an indifferent high-cost rival prepares, coexistence holds on the strengths
of C(r) above t(k/(1— M (n))); when an indifferent informed trader abstains and an indifferent high-
cost rival may prepare with any probability, the point r, joins them if v (k /(1 - M (7)) < rp < ry(7).

Table A.3 records the dependence at the prior 1/2.

Proof of the statements on other tie rules in the example. At the prior 1/2, Steps 2 to 4 of the proof
of Corollary 2 hold under each pair of tie rules. Under the default tie rules, Step 2 gives the
threshold pair at r4 with e* = 1, and Step 7 gives its entry Er(74). When an indifferent informed
trader may mix and an indifferent high-cost rival may prepare with any probability, Step 2 gives
the threshold pair on [ry4, r;], Step 4 gives s, > s_, and Lemma A.9 completes the tuple. On the
path the strengths of Proposition 3(c)(iv) are [ra,rs]: T > 1/2 everywhere, T < M exactly below
re,ry <rc,and pJ < k < J exactly on [r4,r;]. Lemma A.10(b) and (c) give the hypotheses of
that part, and they give strict changes as well: k — pJ is positive on [r4, ), zero at ry and strictly
decreasing, and A7 (1 — )2 is positive and strictly increasing, so Er falls strictly. At r4, e* = 1 gives
Er(ra) = Er(ra); atry, pJ = k gives Ex(ry) = p. The full purchase at r¢ is in Step 2. When an
indifferent informed trader abstains, Step 2 removes the pairs that need a mixing informed trader
and leaves the full purchase on (rf, r2], and Step 3 leaves no low-class rate on (ry, rs]; the stated
set follows.

At a general prior, the statements on other tie rules against a general distribution apply at
each strength of the path. When an indifferent informed trader may mix and an indifferent high-
cost rival may prepare with any probability, they add to C(x) the strengths with 7(r) = & and
k/(1 -m) < Ar(r) < A?. Such a strength is r,. There k/(1 — n) < Ap(ry) is J(rz) > k, that
is ry > ra, or 1 > 14, by Lemma A.10(a) and (b); and for 7 > 74 > 1/2, Ap(ry) < AI}I is
PAr(ra)t(rp) < k, thatis rp < ry, or T < Zax, by Lemma A.10(d). For 74 < m < mpax the
root r, exists, because 7(rg) < 74 and 7(r.) < 7(r2). At mpax, Corollary A.2(d) makes C(mmax)
empty, so the point r, is the whole set. At the example’s slot the four values follow from the
construction at 7 = m, with the purchase rate, the posteriors and the entry formula of Proposition 3(a);
the purchase is full because Ar(r.)[1 — M(mmax)] > k. When an indifferent informed trader
abstains, the general statements give the strengths of C(x) with Ap(r) > k/(1 — M(x)), that is
r > 1(k/(1 = M(n))), when the rival prepares; when it may prepare with any probability, r, joins
them if k/(1 — M(n)) < Ar(ry) < AN, thatis t(k/(1 — M(x))) < rp < ry(n). O

When an indifferent informed trader abstains, a full purchase on (ry, rs] is not an equilibrium,
because the low class has no qualifying rate there (Lemma A.8). So the equilibrium set is nonempty
along the whole path when an indifferent informed trader may mix, and not when it abstains; the

strict rise of entry along a mixed purchase that recruits also uses the first rule. The tie rule for the
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Table A.3. Which conclusions depend on the tie rules, at the prior 1/2. The column heads give the choice of
an indifferent informed trader, which may mix over its best orders or abstains, and of an indifferent high-cost
rival, which prepares or may prepare with any probability.

Informed trader may mix  Informed trader abstains

Result prepares any probability prepares any probability
Proposition 2 holds holds holds holds
Uninformative market N [ro.rn]  [ro,7n] [ro,7N] [ro,7N]

Mixed purchase R (ra,rre)  (ra,rr) none none
Threshold pair T raonly  [ra,ry] none none

Full purchase F [re,r2]  [re,r2] (re,rn] VU (rs,ra]  (re,rn] U (rs, 2]
Seton (ry,ry) F; Q F,Q; T empty empty
Setatry F F; T empty empty

Seton (ry,rs] F F empty empty

Entry after a purchase atr¢ 1 any in [p, 1] 1 any in [p, 1]
Coexistence [ra,rN]  [ra,rn] (re,rn] (re,rn]

rival matters only through the threshold pair and the point r¢.

A.5 Research

Equilibrium with research. Market makers and the rival do not observe the research choice;
they use a conjectured intensity A. An equilibrium with research is a tuple (;l, oy,oL, 1, P, [, 0),
together with the bids. Conditions (E1)—(E6) of Definition A.1 hold at the intensity A. Condition
(E5) holds also at A = 0: a deviation in research makes a success possible, and the order after it
must be optimal. A seventh condition completes the definition.

(E7) Research optimality. Hold P and ¢ at their values in the tuple. Then A is the research choice

of a best response among all joint deviations in research and orders.

A joint deviation changes the true order probabilities, but not the prices or the entry rule. With
the research value ¥ below, the expected trading payoff after a success at the candidate’s prices,
Lemma A.12 shows that the best research choice is unique and equals min{A, ¥/a}. Condition (E7)

therefore reads A = min{A, ¥/a}, and research never has a tie.

Setting. The classes satisfy the class ranking: Gy < G, both class values are at least the reserve
p > 0, and both class means are finite. The incumbent distribution F is continuous, Ay =ty —t; > 0,
vy=gg—gr>0,and 7 = (cy —gr)/y > 1/2. The prior is 1/2, the preparation cost is zero with
probability p € (0,1) and cy > 0 otherwise, k,a > 0,0 < 8 < 1/2,and 0 < A4 < 1. Research

costs (a/ 2)/12, succeeds with probability 4, and is unobserved by market makers and the rival. At
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a success the informed trader learns the class. The independence assumptions of the model hold.
Write

b=(1-0B,  by=(1-)(1-28).

- B(1-24) Mo=1—m o B
T+ (1282 T & 1T 2B (1-2B8)A1%
For1/2 <1< 1,let
Ap(7) = pr—1) J=Ar(1-7).

B+ (1-28)(1-1)

For pAr > 2k, let Ag(Ar) be the unique root in [0, 1) of
a/IQ = pATmAQ —k. (All)

It equals zero exactly when pAr = 2k. A path (F;),e; holds every other primitive fixed and
strengthens the incumbent in first-order stochastic dominance as r rises. The spread and, on 7 > 1/2,
the preparation threshold are nondecreasing along such a path.

For a candidate with conjectured research A, write b = (1 - )8, by = (1 — )(1 - 2p), and
filg) =01~ Dn(q) + /iO'j(Q). A candidate satisfies beliefs, competitive pricing, preparation and

truthful bidding. Lemma A.3 gives its trading payoffs after a success:

Un(q) = qe(q)Ar[1 - u(q)] - klql, UL(q) = —q e(q)Aru(q) — klql. (A.12)

The inverse posterior map satisfies dig/dt = B/[B + (1 = 28)(1 — 7)]> > 0.

Lemma A.12 (Joint deviations). For a candidate satisfying beliefs, competitive pricing, preparation
and truthful bidding, let ¥ = %maxq Un(q) + %maxq Ur(q) be its best trading value after a
research success. At its fixed prices and preparation rule, the best payoff of a joint deviation to
any A € [0, 4] is ¥ — (a/2)A%. The unique best research choice is min{1, ¥/a}. Thus research

optimality is exactly A = min{A, ¥/a}, under all four tie rules.

Proof. A joint deviation changes the true order distribution to (1 — )5 + 10'1’.. It does not change
the prices or the preparation rule, because market makers and the rival use the candidate’s 1 and oj.

The informed trader trades only after a success, so its expected payoff is
~ 1 1 1 a 32
(L o) =A% zq] h(@)Un(q) +3 Zq] @U@ - 52,

with U; from (A.12) at the candidate’s prices and entry. The bracket is at most ¥, with equality

exactly when each O'JI- puts weight only on maximizers of U;. So sup,. I1(1,0") = ¥ - (a/ 2)12.

84



This function of A is strictly concave with derivative ¥ — ald. If ¥ > aA, the derivative is positive on
[0, 1), and the maximizer is A. If ¥ < aA, the maximizer is ¥/a € [0, A). Strict concavity makes

the maximizer unique, and it also excludes a nondegenerate mixture over research intensities. O
Lemma A.13 (Bounds under every profile). Let 0 < A < 1 < 1. Under all four tie rules:

(a) For every order profile, the nonzero-order posteriors lie in [mjy, M;], with My < Mj. If also

B < 1/3, the same bound holds for the zero-order posterior under every profile.

(b) For every candidate satisfying beliefs, competitive pricing, preparation and truthful bidding,
P(q) = P(q') implies u(q) = pu(q’), and i(P(q)) = pu(q).

(c) Wrong-signed orders satisfy Ug(—1) < —k and Uy (1) < —k; every equilibrium has og(—1) =
O'L(l) =0.

(d) With no wrong-signed orders, u(—1) < 1/2 < u(1). If also og(1) = 1, then u(1) = My and
n(0) <1/2.

Proof. (a) At each nonzero order, its class likelihood lies between band b + A. Bayes’ rule at the
prior 1/2 therefore puts its posterior between b/(2b + 1) = m 7 and M. At zero the same argument
uses lA)o; its bounds lie inside this interval when 130 > 13, or B8 < 1/3. The top bound rises with
research, so My < Mj.

(b) Orders with the same price have the same preparation probability and hence the same entry.
Competitive pricing gives P(q) = to + e(q)[tL — to + Aru(q)]. Since e(g) > p > 0 and Ay > 0,
equal prices then imply equal posteriors. Averaging the posteriors at a common price gives that
same posterior as the rival’s belief.

(c) The two wrong-signed payoffs in (A.12) are at most —k, while abstention earns zero. They
therefore receive zero probability under either tie rule for the informed trader.

(d) With no wrong-signed orders, fy(1) = b + doy(1) > b = fi(1) and fu(-1) = b <
b+ Ao (1) = fi(~1). With a full high-class purchase, fz(0) = by < by + Aoz (0) = f(0) and
u()y=(b+D)/Qb+) =M 1. Bayes’ rule gives the stated comparisons with the prior. O

Lemma A.14 (Positive research needs a strict full purchase). Under either tie rule for the informed
trader and either tie rule for the rival, every equilibrium with A > 0 has Ug(1) > 0 and o (1) = 1.
Its posteriors satisfy p(1) = My, u(0) < 1/2 and u(—1) < 1/2; entry after a sale or no order is p.
This holds for every 0 < B < 1/2.

Proof. By Lemma A.12, A = min{1, ¥/a} > 0, so ¥ > 0. By Lemma A.13(c) and U,(0) = 0,
either Uy (1) > 0 or Ur(—1) > 0. Suppose Ur(—1) > 0. Then the sale is the unique maximizer
of class L, and (ES) gives o (-1) = 1. With og(=1) = 0, fy(-1) = b and fr(-1) = b + 4, so
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u(=1) =mjy <1/2 < 7. Hence e(~1) = p and Uy (1) = pArm; — k > 0. The purchase then
earns Ug(1) = e(1)Ar[1 — u(1)] = k > pAr(1 = My) — k = pArm; — k > 0, by Lemma A.13(a).
So Uy (1) > 0in both cases. The purchase is the unique maximizer of class H, and oy (1) = 1 under
both tie rules for the informed trader. Lemma A.13(d) gives the three posteriors. Since 7 > 1/2,
Lemma A.2(d) gives £(P(0)) = (P(—1)) = 0 under both tie rules for the rival. O

Lemma A.15 (The low class’s sale). Let 0 < A < A, let class H buy with probability one after a
success, and suppose an indifferent informed trader may mix over its best orders. By Lemma A.8 at

presence A and prior 1/2, the unique low-class sale rate consistent with its best orders is
s_ = Ador(=1) = min{4, b(pAr/k —2)"}. (A.13)

The remaining low-class probability is on abstention, and

by
2bo+ A —s_’

p(=1) = u(0) = p(1) = My.

2b +s_°

Both nonpurchase orders have entry p, under either tie rule for the rival. Class L abstains when
PAr < 2k; it mixes when pArm,) < k < pAr /2, with u(—1) = k/(pAr), and it sells with probability
one when pArm, > k. At pAr = 2k its sale rate is zero; at pArm, = k its sale probability is one.
Its best net payoff is

max Ur(q) = (pArma - k)*.

Proof. Lemma A.8, at presence A and prior 1/2, gives (A.13). In order (-1,0,1), the class
likelihoods are
fu = (b,bo,b +2), fr=((b+s_,bg+A—s_,b).

Bayes’ rule gives the displayed posteriors. Both nonpurchase posteriors are at most 1/2 < 7, so

entry there is p. The sale payoff
pATb

2b + s_

falls strictly in s_. At zero sale rate it is nonpositive exactly when pAr < 2k; at full selling it is

Up(-1) =

nonnegative exactly when pArm, > k. Between these cases its unique zero gives the mixing rate
and the posterior k/(pAr). At the first equality any positive rate makes selling lose; at the second
equality any smaller rate makes selling strictly profitable. This proves both boundary choices.
During abstention or mixing the best low-class payoff is zero; at full selling it is pArm  — k, which

gives its positive-part expression. O

Proposition 4 (Competition creates research, full statement). Maintain the setting above. An

indifferent informed trader may mix over its best orders and an indifferent high-cost rival prepares.
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When an indifferent high-cost rival may prepare with any probability, select full preparation after a

purchase that reaches the threshold.

(a)

(b)

Recruiting research, an equilibrium with positive research and full preparation after a purchase,

exists exactly when

1
AT > 2k, E <T< Mmin{/lR(AT),/T}’ (Al4)

where Ag(Ar) is the unique root in (0, 1) of
2ad = Army — k + (pArmy — k). (A.15)

Its research is A = min{Ag(Ar), A}. Class H buys strictly and fully, class L uses Lemma A.15,
and entry is e(1) = 1, e(0) = e(—1) = p. The posteriors are those of that lemma, prices are
P(x) =ty + e(x)[tL — to + Aru(x)], price beliefs are i(P(x)) = u(x), and bids are truthful.

Equal nonpurchase posteriors have equal entry and equal prices.

Research is continuous and strictly increasing in At below its cap, and constant at the cap.

Total entry and class entry are

E=p+(1-p)[B+(1/2-p)Al,
en=p+(1-p)[B+(1-pA, er=p+(1-p)B(1-2A).

Thus total entry and class-H entry rise, class-L entry falls, and the class-H share of prepared
rivals rises with the spread, strictly below the cap and weakly throughout the existence set.
The prepared-value distribution (egGy + e G)/(eqy + er) improves in first-order stochastic
dominance; its mean rises strictly when research rises strictly. For almost every fixed incumbent

value x, the high-class acquisition probability is

ern/2, X <p,

eyl - GH()C)]/Z, X zp.

Pr(H acquires | R = x) =

It rises strictly with the spread below the cap wherever class H can win. At a class-value atom
the auction’s tie allocation gives the probability of winning; the same comparison holds using
that fixed allocation. At a value outside the incumbent’s support, this expression gives the

counterfactual allocation at that value.

While the low class abstains or mixes, and after a sure sale becomes strictly profitable,

respectively,
dAR Mg dARg (1 +p)my,

dAr ~ 2a-Arm,  dAr 2a—(1+p)Arm),
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(c)

(d)

If (1 — p)k/(2ap) < A, these slopes meet with a strict upward jump at Az = (1 — p)k/(2ap).
On an equilibrium path that passes through this intensity, a sure sale’s profit adds a second
return to research. Research and entry are continuous through the first sale, the onset of strictly

profitable full selling, and the cap. The cap spread, at which research reaches its cap, is

(24 + k) /m;, 1< (1-p)k/(2ap),
(2a1+26)/[(1+ p)mzl. 1> (1= p)k/(2ap).

High-class ownership is Og(F) = eg(F)Wg(F) /2. For two recruiting economies on a path,

Wy (F,) > ey (Fy)

OH(Fr’)ZOH(Fr) WH(F) _EH(F/)’

with the corresponding strict equivalence. These win probabilities are positive. If class H
outbids every incumbent along the recruiting part of the path, ownership rises weakly with
strength, and strictly for a strict increase in the spread from a research intensity below the
cap. Decisive advantage (Lemma A.6), gg(F) > cg = Wy (F) = 1 throughout the family,

supplies this outbidding condition at every recruiting economy.

Let I = [r_,ry] be compact and Ay, T continuous along the path. The capped recruiting set is
{rel:Ar(rymy—k + (pAr(r)my—k)* > 2ad, 7(r) < My}.

It is empty, a singleton, or a nondegenerate closed interval. If nonempty, it ends at max{r € I :
T(r) < Mz}

Suppose the path first reaches the cap spread at ry > r_, with a strictly smaller spread at r_.
On [r_,r3], suppose T < 1, and define

oL =J—k+(pJ — k)" —2adg(7).
If ¢}, is strictly increasing on [r_,r7]| and ¢, (r-) <0 < ¢} (ry), the full recruiting set is
[rr, max{r € I : 7(r) < My}],

where rg is the unique zero of ¢, before ry. Research is below its cap up to r; and at the cap

thereafter. A threshold plateau at M7 belongs to the recruiting set through its last point. On a
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path with continuously differentiable Ar, T on [r_,r3], the cheap-research condition

2apB1’

[1+plp] > k}]J" - [B+(1-28)(1-1)]?

>0 almost everywhere on [r_,r7] (CR)

makes ¢, strictly increasing there.

Proof. Part (a). Positive research forces the strict full purchase in Lemma A.14. With full
preparation after that purchase, its net payoff is Arm, — k, and Lemma A.15 gives the other class’s
best payoff. Thus

¥ = %[ATWM -k + (pATm,l - k)+]

Lemma A.12 gives (A.15) below the cap and its weak inequality at the cap. The residual
Army —k + (pArmy — k)™ —2aA

is continuous and strictly decreasing in A. If A7 > 2k, it is positive at zero and negative at one, so it
has exactly one root in (0, 1). If Ay < 2k, every positive research intensity makes Aym, — k < 0,
contrary to the strict purchase. This proves the root condition and the capped research choice. At
the capped choice the residual is nonnegative. A nonpositive purchase payoff would make the sale’s
positive part zero, contradicting 2ad > 0; the purchase is therefore strict.

A purchase recruits exactly when M; > 7, including equality under the stated preparation
choice. This gives (A.14). Conversely, under that condition use the sale lemma’s likelihoods and
posteriors, the stated entry, and the competitive prices. For distinct posteriors u(x) > u(y), entry is

nondecreasing in the posterior and

P(x) = P(y) = e(0)Ar[u(x) — u(¥)] + [e(x) — e [tL = 10 + Aru(y)] > 0,

since ¢ >ty and e(x) > p > 0. Equal nonpurchase posteriors have equal entry p and equal prices,
so each price belief equals the posterior of its orders. The threshold rule gives preparation, the strict
purchase and the sale lemma give optimal orders, and truthful bids give the auction allocation. The
research equality or cap inequality gives optimality of every joint deviation by Lemma A.12. These
conditions also determine the positive-research tuple uniquely.

Part (b). For a fixed positive intensity, the residual rises strictly with Ar. Its strict decrease
in intensity makes its root continuous and strictly increasing in the spread. Clipping the root at A
preserves continuity and gives constancy at the cap. A purchase has probability %(b + 1)+ %b =
B+ (1/2 = B)A. Only a purchase raises entry above p, which gives E. Conditional purchase

probabilities b + A and b give ey and e;. Their derivatives in research have signs positive and
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negative, respectively, and

d en _(-p)lp+(1-p)p]

— = > 0.
dleyg +er (6H+€L)2

Preparation is independent of values conditional on class. An increase in this share therefore shifts
the prepared-value distribution toward G g, which dominates G . Its mean rises strictly because
Ep6 — Er6 = Ar + v > 0. The same independence gives the displayed acquisition probability at a
fixed incumbent value; its win factor is fixed by the class distribution and the auction’s allocation at
a tie, so its change has the sign of the change in ey wherever that factor is positive.

Implicit differentiation of the two smooth pieces of (A.15) gives the two slopes in the statement.
At the sale-profit boundary, pArm,, = k; combining this with 2adg = Arm,, — k gives Ag =
(1 =p)k/(2ap). At the common point, subtracting the first slope from the second gives

2apmy,

> 0.
(2a - ATm:lR) [2a — (1 + p)ATm:lR]

The sale rate and its positive-part payoff are continuous at both sale boundaries. The research root
and entry formulas are continuous there and at the cap. Substituting A = A in the research equation
on each side of the sale-profit boundary gives the stated cap spread.

Part (¢). Conditional independence gives Oy (F) = Pr(H) Pr(preparation | H)Wy(F) =
eg(F)Wy(F)/2. At arecruiting economy, cg < g1 + Myy < gn; hence gy > 0 and Wy (F) > 0.
Dividing the two positive ownership expressions proves the weak and strict equivalences. If class
H outbids every incumbent, Wy = 1, and part (b) gives the stated monotonicity. The inequality
gn > cp also makes the implication in decisive advantage apply.

Fart (d), research at the cap. At a positive research intensity, class H buys strictly and fully.
A sale and no order have posteriors at most 1/2, and hence entry p. With full preparation after a
purchase, the best trading payofts are Aym, — k in class H and (oArm, — k)% in class L. Holding
prices and the preparation rule fixed, a joint deviation to A yields

A »
5 [ATWLA -k + (pATm,l - k)+] - g/lz.
Its maximum over [0, 1] is at the cap exactly when
Army—k + (pArmy— k)+ > 2aA.

The left side is continuous and strictly increasing in Ar. Equality has exactly one solution. If its sale

term is zero, that solution is (2ad + k) /my, and the sale term is zero exactly when p(2ald + k) < k,
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or 1 < (1 - p)k/(2ap). Otherwise equality gives the second displayed value of the cap spread.
Both pieces agree at their common boundary. Since mj < 1/2, the residual at Ay = 2k is strictly
negative, and the cap spread exceeds 2k.

At or above the cap spread, the high-class purchase earns strictly more than zero: a nonpositive
purchase payoff would make the sale’s positive part zero and contradict the positive right side 2aA.

The low class uses the unique sale rate
s_ =min{A, b(pAr/k —2)*}, b=(1-21)p.

The purchase posterior is M. It recruits exactly when v < M7y, with full preparation at equality under
the stated rule. Bayes’ rule, competitive prices and truthful bids give the remaining equilibrium
conditions. In particular, if a sale and no order have the same posterior, they both have entry p
and the same price, so the belief at that price is their common posterior. This proves the pointwise
description.

Along the path, Ar is nondecreasing by Lemma A.5. Each class’s gross profit and their
positive gap are nonincreasing; since cy — g7 > 0,7 = (cy — g1)/(gn — g1) is nondecreasing too.
Consequently the set of strengths at or above the cap spread contains every strength above any of
its members, and {t < M3} contains every strength below any of its members. Continuity and
compactness make both sets closed. Their intersection is empty, a singleton, or the interval with the
endpoints in the statement. A stretch on which 7 = M5 belongs to this interval whenever research
has reached the cap. If the right endpoint lies in the interior of /, continuity gives T = M there; if
the path ends first, its last strength is the endpoint.

Fart (d), the recruiting interval. For a fixed Ay > 2k, the function

Army —k + (pATm,l - k)+ —2ad

is continuous and strictly decreasing in A, positive at zero and negative at one. Its unique zero is
AR(Ar). At A = Ag(7), the function equals ¢, because m,, = 1 — 7. Therefore, when 1/2 < 7 < 1,

the purchase posterior reaches the threshold at the capped root exactly when
¢i >0 and Ag(r) <A

A nonnegative margin implies J — k + (pJ — k)* > 2adg > 0. If J < k, its left side is nonpositive,
so J > k, which gives Ay > 2k since 1 — 7 < 1/2. Thus these two inequalities also imply that the
root exists. Conversely, the root comparison proves their necessity.

Continuity, strict increase and the endpoint signs of ¢}, yield exactly one zero rg, with a negative

margin below it and a positive margin above it.
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At ry, continuity makes the spread equal to the cap spread, so Ag = A. The positive margin
there gives Ag(7(r7)) < A, or 7(ry) < M;. Since 7 is nondecreasing, the cap posterior reaches
the threshold throughout [r_,r;]. On that interval, the exact root comparison therefore makes
recruitment equivalent to ¢, > 0, or r > rg. Below rj, the spread is strictly below the cap spread,
so research 1s below its cap. From rj on, research optimality at the cap persists because Ar is
nondecreasing. The cap result gives exactly the upper interval in the statement, including its last
point and every threshold plateau within it.

When Ar, T are continuously differentiable, ¢ is absolutely continuous on [r_,7;]. Away from
pJ = k its derivative is the expression in (CR). On the level set pJ = k, J’ = 0 almost everywhere,
so that expression is its derivative almost everywhere there as well. Integrating the strictly positive

derivative over any nondegenerate subinterval proves that ¢, rises strictly. O

The research margin. Where 7/ > 0, condition (CR) says that

[1+ pl{pJ > k}]J’
20 (1) '

Where 7/ = 0, it says J’ > 0. Before a sure sale pays, the derivative of the margin is J' — 2ad’.(7)7’;
once it pays, the derivative is (1 + p)J’ — 2ad’,(7)7’. The margin is continuous at pJ = k; at a
crossing into pJ > k, its derivative jumps up by pJ’. The condition applies where the recruiting

interval starts with a strictly profitable sure sale.

Ownership at the same incumbent. Where recruiting research coexists with zero research,
PAr < 2k, their same-incumbent ownership ratio is OEI / OIZLI = ey/p > 1, which rises strictly with
the spread below the research cap and stays constant at the cap.

Entry p after every order in Lemma A.16(a) gives O]ZLI = pWg(F)/2. Dividing the recruit-
ing ownership formula by it cancels the same positive win probability; the formula for ey in

Proposition 4(b) gives the strict increase below the cap and constancy at the cap.

Lemma A.16 (The three research outcomes). Maintain the setting above. An indifferent informed
trader may mix over its best orders and an indifferent high-cost rival prepares. The following

outcomes exhaust the equilibria.

(a) Zero research exists exactly when pAr < 2k. All posteriors are 1/2, entry is p, and every
order has price to + p[ty — to + Ar/2]. If the inequality is strict, both classes abstain after
a hypothetical success. At equality, each class uses any mixture of its correct order and

abstention; all these strategies give the same zero-research outcome.

(b) Recruiting research is exactly the outcome of Proposition 4(a).
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(c) Floor-entry research exists exactly when

pAT > 2k, T> Mmin{/IQ(AT),/T}’

where Ag is the root of (A.11). Research is A= min{Ag, A}, both classes trade strictly and
fully after a success, the posteriors are (my, 1/2, My), and entry is p after every order. Prices
are to + plty — to + Aru(x)], price beliefs are the corresponding posteriors, and bids are
truthful.

Each positive-research outcome has a unique tuple. The two positive-research outcomes coexist
exactly when

PAT > 2k, Miningap 3y < T < Mingag iy

The uncapped roots satisfy g < Ag; their capped values are strictly ordered when g < A and
coincide when both roots reach the cap. Thus the coexistence band has positive width in T exactly
when g < A. At least one of the three outcomes exists at every auction in the stated domain,

including v > 1.

Proof. At conjectured research zero, f;(x) = n(x) > 0 for both classes, regardless of their orders
after a hypothetical success. Bayes’ rule gives the posterior 1/2 at every order. A belief at a price
averages these identical posteriors, so it too is 1/2, even if several orders share the price. Since
T > 1/2, the high-cost rival strictly prefers abstention after each price, under either tie rule for the
rival. Entry is therefore p. Competitive pricing then gives the common price in the statement. This
establishes beliefs, preparation and prices without any restriction on the hypothetical-success orders.

At these fixed prices and entry, the correct-order payoffs are
Un(1) =UL(-1) = pAr/2 - k,

while Uy (0) = Ur(0) = 0, and the wrong-signed payoffs are Uy (—1) = Ur (1) = —pAr/2 — k <.
The best trading value after a success is therefore ¥ = (pAzr/2 —k)*. A joint deviation to A € [0, 1],

with optimal orders at those prices and entry, gives

AY -

a3
—A°.
2
If pAr < 2k, then ¥ = 0, and the unique optimal research choice is zero. If pAr > 2k, then ¥ > 0,
and the unique optimum min{A, ¥/a} is positive, so zero research fails research optimality. This
proves necessity and sufficiency for research, including all joint order deviations.

When pAr < 2k, both correct orders are strictly worse than abstention, which gives the unique

pair of hypothetical-success distributions. At equality, the high class is indifferent exactly between
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buying and abstaining, and the low class exactly between selling and abstaining. Any mixtures over
these best orders obey order optimality when an indifferent informed trader may mix. They leave
f; = n, beliefs, prices and entry unchanged because their occurrence probability is zero. Truthful
bids complete each equilibrium. Preparation is independent of values conditional on class, so
high-class ownership is pWg (F)/2. The abstention rule selects the point masses on zero from the
same best-order sets.

When class H buys and class L sells after a success and no order recruits, entry is p after
every order, and the purchase and the sale both earn pArm, — k at the conjectured research A. For
pAr > 2k, the root A (Ar) of (A.11) exists and is unique, because the gap pArm, — k — aAd falls
strictly in A, from pA7/2 —k > 0atAd =0to —k —a at A = 1. The root is zero at pAr = 2k and
positive when pAr > 2k. The gap rises strictly in Az, and its derivative in A is negative, so Ao rises
strictly and continuously in Ar.

Under an indifferent informed trader who may mix and an indifferent high-cost rival who
prepares, take an equilibrium with positive research. Class H buys strictly and fully, so u(1) = M,
and e¢(0) = e(—1) = p. If My > 7, the purchase recruits fully and the sale rule and research
condition give recruiting research, with A = min{Az(Ar), A}. If M, < 7, the strict purchase payoff
is pArm) — k > 0. Any low-class sale payoftf is at least this, because u(—1) > m,. Thus class L
sells strictly and fully, both best trading payoffs equal pArm, — k, and research is min{d¢ (A7), 1},
with Ap from (A.11). This root is positive exactly when pAr > 2k. At equality, every positive A has
pArm, — k < 0, so floor-entry research has no positive-intensity endpoint there.

For pAr > 2k, the recruiting residual at Ay equals
Arma, — k + (pArma, — k)™ = 2adg = (1 - p)Arm,, > 0.

Its strict decrease yields g < Ag, hence min{dp, A} < min{Ag, A}, with strict inequality whenever

Ao < A. The two positive-research outcomes coexist exactly when
pAr > 2k, Mmin{/lQ,/i} <7< Mmin{/lR,/_l}'

If both roots reach the cap, this interval is empty. Otherwise it has positive width in the threshold
coordinate. Together with the zero-research case, this exhausts the outcomes. Each positive-research
outcome fixes its research, orders, posteriors, competitive prices, preparation probabilities and
truthful bids; at the zero-research boundary, the best-order mixtures above give all the hypothetical-
success strategies.

For the floor-entry construction, its research choice makes pArmj — k > ad > 0, with equality
below the cap. Both correct orders are therefore strictly best. Full orders give the three stated

posteriors, and constant entry p makes the three prices distinct. The strict threshold inequality
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gives preparation; competitive prices, their posterior beliefs and truthful bids give the remaining
conditions. The research choice follows from Lemma A.12. If pAr < 2k, zero research exists.
Otherwise the ordering of the capped roots implies that either 7 < M1y, 1) and recruitment exists,

or 7 > Miin(ap. 1y 2 Miin{ap.1) and floor-entry research exists. This also covers 7 > 1. O

Lemma A.17 (Strong incumbents). Maintain the setting above. If M7 # T and
pPArmy—k > al, (9))]

then under all four tie rules the equilibrium is unique. Research is A, class H buys and class L sells
strictly after a success, and the posteriors are (m3,1/2, M7). Entry after a sale and no order is p,
while {(P(1)) = 1{M7 > t}. Competitive prices, their posterior beliefs and truthful bids complete
the tuple. With b = (1 — 1), total entry is p + (1 — p)(b + 1/2) if M3 > 7 and p otherwise.

Proof. Uniqueness. Take any candidate. By Lemma A.13(a), every nonzero-order posterior lies in
[m 3, M;] whatever the orders, and e > p after every price. Hence Uy (1) > pAr(1 — M3) — k and
UL(—1) > pArmy — k. Both lower bounds equal pArm; — k > ad > 0 by (U). So the purchase and
the sale are the strict best orders after a success, under both tie rules for the informed trader. Then
¥ = 1[Uy(1) + UL(-1)] > ad, and Lemma A.12 gives A = 1. Write by = (1 — 2)(1 — 2). Full
orders give fy = (b, bo,b + ) and f1 = (b + A, by, b), so the posteriors are (m3, 1/2, M7). Since
T>1/2,(P(0)) = {(P(-1)) =0. Since M7 # 7, {(P(1)) is 1 or 0 with no tie, under both tie
rules for the rival. Every component of the tuple is fixed.

Existence. (E1): the likelihoods above. (E2): the stated entry is nondecreasing in the posterior,
so the three prices differ, and each price reveals its order. (E3): B(Mj3) lies strictly on one side of
cu, and B(1/2), B(my) < cy. (E4): (A4). (ES): the strict bounds above, read at the tuple. (E6):
truthful bids. (E7): ¥ > al. The purchase has probability 5(b + A) + 3b = b + 1/2, and it recruits

exactly when My > 7. m]

Access to prices with research. Maintain the general setting, condition (U), and 7 < M3;. Under
all four tie rules, both the economy with price access and the economy in which the rival does not
see the price have full orders and research at the cap, uniquely. With access only a purchase recruits;

with the price hidden entry is p after every order. Hence access raises expected proceeds by
(1= p)(B+ /[t — 1o + AMz] > 0
and surplus, net of research, trading and preparation costs, by
(1= p)(b+2/2)[y(M; - 1) + pF(p)] > 0.
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Proof. With the price hidden, the rival retains its prior 1/2 < 7, so entry is p after every order. The
nonzero-order bounds in Lemma A.17 apply with this constant entry, and condition (U) forces full
orders and research at the cap, uniquely. With access the same lemma gives full orders, cap research
and recruitment only after a purchase. Thus the order distribution, research cost (a/2)A? and trading
cost kA coincide. A purchase has probability b + 1/2, with conditional high-class probability Mj.
Multiplying its additional preparation probability by its conditional proceeds gain gives the first
display. For any value 6 > p of the rival,

max{6, R} — R1{R > p} = (6 — max{p, R})+ + pl{R < p}.

An additional prepared rival therefore adds B(M;) + pF(p) to expected allocation value at a
purchase. Subtracting cy gives y(M; — 7) + pF(p), and multiplying by the additional preparation
probability gives the surplus formula. Both gains are positive since M7 > 7,y > 0, Ar > 0, and
tp = to. O

Remark A.1 (Tie rules with research). Maintain the general setting. When an indifferent informed
trader may mix and an indifferent high-cost rival may prepare with any probability, the outcomes
above are supplemented by the following threshold choices. For 1/2 < 7 < 1and 0 < Ag(7) < 4, the
threshold pair has research Ag, full high-class purchasing and the low-class sale rule of Lemma A.15.

Its purchase entry is

., 2alp+k—(pJ-k)*
e’ = 7 ,
and it exists exactly when p < e* < 1. Entry at a sale and no order is p, and the high-cost preparation
probability at a purchase is (e* — p)/(1 — p). Ate* = 1 it coincides with recruiting research; at
e* = p itis floor-entry research with a purchase posterior equal to 7.

At Ag (1) = A, the complete threshold family has purchase entry

2

e(1) [max{p, 2a/i+k—(/oJ—k)+},l

J

provided the lower endpoint is at most one. Each choice has its own competitive purchase price,
research at the cap, and total entry p + (e(1) — p)[B + (1/2 - B)A1].
When an indifferent informed trader abstains, a positive-research candidate at intensity A,

including a threshold pair, survives exactly when
PAr <2k or pArmy> k.

At zero research the abstention rule selects abstention after every hypothetical success. Research

itself is a unique best response at fixed prices and preparation, because its objective is strictly
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concave.

Proof. Positive research has the strict full purchase of Lemma A.14. Partial high-cost preparation
can therefore occur only at its posterior M, = 7, so A = Ag (7). The sale lemma still applies, because

the other posteriors are below the threshold. At an interior research choice, Lemma A.12 gives
2adgp = e(1)J —k + (pJ — k)™.

Solving for e(1) gives e*. Feasibility of the preparation probability is exactly p < e* < 1. If the sale
term is zero, the purchase earns 2adg > 0; if it is positive, the purchase earns at least pJ — k > 0.
The sale rule, competitive prices, price beliefs and truthful bids then complete the tuple as in
the proof of Proposition 4(a). At the two endpoints, the research equality becomes the recruiting
equation or the floor equation, respectively.

At A = A, research optimality requires the left side of the same display to be at most its right
side. Solving this inequality and intersecting with [p, 1] gives the entire stated interval. Each
feasible purchase entry has its own competitive purchase price; only a purchase changes entry above
p, yielding the total-entry formula.

An indifferent informed trader who abstains permits the zero sale rate when pAr < 2k and a full
sale when pArm, > k. If pAr/2 > k > pArm,, zero selling would make the sale strictly profitable,
while the consistent positive rate has zero sale profit and violates the abstention rule. These cases
prove the survival condition. At zero research the same rule selects abstention from the best-order

sets in Lemma A.16(a), and strict concavity gives the unique research response. O

Primitives and strengths. The incumbent is uniform on [0, r], the two class values are 7 = 10

and ¢ = 1, the reserve is p = 1/2, the prior is 1/2, and the costs and slot satisfy

p=1/4, cy=6, k=1/50, B=0.294655, a=1/40, 1+u-=e.

up
1+u
The path is [rg, rz], where ro = 6/5, r; = 3 and r, = 18/5. Write Ag(r) = Ag(7(r)), Ar(r) =
Ar(Ar(r)), and t(y) = £ + y + v/y? + 2{y. Define

A=

~ 0.336122.
B

@a(r) = Ar(N)[1 =7(r)] =k =2a4p(r),  ¢p(r) = pAr(N)[1 =7(r)] = k —adg(r),
¢a(rr) =0, ry=1(2ad+k)(1+e), ry=r(2k/p), rs=1(k(l+e)/p),

0,(rg) =0, ry=t((k+al)(1+e)/p), t(rc)=Mj= %
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The roots are the unique roots on the path of their stated equations. They satisfy
ro <Krp<ry<ry<rs<rg<ry<ryp<rc<ry,
with values

rrg = 1.501023, ri = 1.677633, ry = 1.747878,
rs = 2.124148, ro = 2.166995, ry = 2.434046, rc = 3.592659.

The ratio (1 — p)k/(2ap) exceeds one. Hence the sale-profit term in (A.15) vanishes at every

uncapped root in (0, 1), and clearing its denominator gives

Ar(2) =2a(1 = 2B)A% + [4aB + k(1 = 2B) + BAr(r)| A + B[2k — Ar(r)]

(A.16)
=2[28+ A1 -2p)|[ar - 3(Ar(r)ma - k)].

Every coefficient except the constant is positive, so A, rises strictly on A > 0. If Ayp(r) > 2k, then
A, (0) <0 < A,(1), and Ag(r) is the unique root of A, in (0, 1).
Sincemy, =1 -7, Av(Ap(r)) = =[28+ Ae(r)(1 =28)]¢,(r). Thus the sign of the recruitment

margin determines whether the root reaches the recruitment intensity.

Corollary 3 (Research equilibria in the example, full statement). Take the example on [rg, 2],
when an indifferent informed trader may mix over its best orders and an indifferent high-cost rival

prepares.
(a) The equilibrium outcomes are exactly as follows:

* on [ro,rR), zero research alone;

e on [rg,rn], zero research and recruiting research;

* on (rn,rp), recruiting research at the cap and floor-entry research;

* on [ro,rc], recruiting research at the cap alone;

» on (rc,r2], floor-entry research at the cap alone.
Recruiting research is below its cap on [rg,r7) and at the cap on [ri,rc]. Its research rises
from Ag(rr) ~ 0.193853 to A, and its entry rises from 0.500846 to 0.522757, then stays
constant through rc. Class L abstains through ry, mixes on (ry, rs), and sells with probability

one on [rs,rc]. Floor-entry research has full orders and entry p throughout its existence set.

At ry, zero research has all the hypothetical-success order mixtures in Lemma A.16(a).
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(b) At ro, the unique equilibrium has zero research and entry p. At each r € {1.55,1.60, 1.65},
exactly two equilibria coexist: zero research and recruiting research with Ag(r) < Ag(r) < A.
In the recruiting equilibrium class H buys and class L abstains after a success. At ry and ry,
the unique equilibrium has full orders and research at the cap, with entry 0.522757 at r| and p

at rs.
Proof. Take the example with a = 1/40, A ~ 0.336122 and r € [rg, r2]. On this interval,

(r —0)? fz—pz r
5 gL(r) = 5 gu(r) = h-

Ar(r) = 3

_r
2r°

Here A7. >0, g; <0,and 7" = (-g; +7A})/(gy — gL) > 0. Substituting A=uB/(1+up)inm,
givesmi;=1/(2+u) =1/(1+e) and M7 =e/(1 +e). The margins M7 — 7(r;) ~ 0.026059 and
7(r) — M3 =~ 0.000334 give a unique root r¢ € (ry,rp) of 7(r¢) = M7 = e/(1 +e). The ratio
(1 - p)k/(2ap) exceeds one, and therefore exceeds the cap, so the cap spread is (2ald + k)(1 +e).
Thus the left endpoint is r; = t((2ad + k)(1 +¢€)), where t(y) = £+ y + \/m The positive
margin ry — r; = 0.070245, together with ry < r; < rc, places it before the right endpoint.
Recruiting research at the cap is therefore an equilibrium exactly on [ry, rc], with r; = 1.677633
and r¢ ~ 3.592659.

Recruiting research below the cap.

On [ro,rn], a sale at the prior earns at most its trading cost, and 7 > 1/2, so pJ < k and
¢, = ¢4 =J —k —2adg. Inthe example rj < ry < 7/4. For r € [ro,7/4], differentiating the

auction formulas gives
Ap(r) = 11/72, 1-1(r) 219/55, Ar(r) <9/56, 7’'(r) <16875/211288.

Here A%, Ar and 7 rise, while —g; and y = gy — g fall. The formula v = (=g} + 7A%)/y gives

the upper bound
—8.(ro) + 7(71/4)A7(7/4)

y(7/4)
Also A, (7) rises with 7. Substitution in ¢}, = A%.(1 — 7) = [Ar + 2ad’,(7)]7’ therefore gives

T'(r) <

< 16875/211288.

J'(r) >11/72-19/55 -9/56 - 16875/211288 > 0, ¢, (r) >0.033767 > 0 ata = 1/40.
The same bound is positive for a < dmoeno = 0.161713. The endpoint values are
@, (ro) = —1369550353/60351152400 < 0, ¢, (ry) ~0.017446 > 0.

Hence recruiting research begins at the unique zero rg ~ 1.501023, reaches its cap atr; = 1.677633,
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and continues to r¢ = 3.592659. By Lemma A.10(b), J rises on the whole path. Since Ag also rises,
forr € [7/4,r2],

wa(r) =2 J(7/4) — k —2adg(rp) >0,
J(7/4) = 171/3080.

Thus rg is the unique zero of ¢, on [ro, r2].

Part (a). Lemma A.16(a) gives zero research exactly through ry. The preceding margin and
cap arguments give recruiting research on [rg, rc], below the cap until r;. Lemma A.18 gives the
two floor-entry intervals and uniqueness above rg. Together with the exhaustion in Lemma A.16,
these give the five intervals in the statement. The research root equals Az (rg) at the start, and the
entry formula of Proposition 4(b) gives its starting and cap values. At the cap the sale lemma gives
abstention through ry, mixing up to rg, and full selling from rg onward.

Part (b), the weak incumbent. At ry, the gross return of any nonzero order is at most
Ar(rg) = 1/60 < k, with margin 0.003333. Every such order loses, so ¥ = 0 and research is zero.
At the prior, cy — By, (1/2) =~ 1.195833 > 0, giving entry p.

Part (b), the intermediate strengths. Clearing the research equation gives (A.16). Its positive

root has the closed form

2B[Ar(r) - 2k] |
Ay (0) + VIAL(0)]2 + 8aB(1 — 28) [Ar(r) — 2k]

AR(r) =

Atr € {1.55,1.60, 1.65}, exact rational arithmetic and bounds on the square root give 1/2 < 7(r) <
1, with k — pAr(r)/2 equal to 0.007802, 0.005938 and 0.003996, respectively, to the displayed
precision. The differences Ag(r) — Ag(r) are approximately 0.041160, 0.079340 and 0.114019; the
differences A — Ag(r) are approximately 0.098221, 0.057085 and 0.019439. All are strictly positive.
Lemma A.16 therefore gives exactly zero research and recruiting research below the cap; the sale
lemma gives strict low-class abstention. The entry formula gives the values in Table 4.

Part (b), the strong and the very strong incumbent. The cap posterior lies strictly between
7(r1) and 7(r;), with margins 0.026059 and 0.000334. Condition (U) holds at both strengths, with
margins 0.016421 and 0.034723. Lemma A.17 gives uniqueness, full orders and research at the cap,
with entry 0.522757 at r; and p at rp. Class H outbids the incumbent throughout the path because
r < ry < h, so its ownership is %[p +(1=p)(B+ (1 =B)A)]. At ry, the price-access formulas give
the proceeds gain 0.257948 and the surplus gain 0.081960. O

Floor-entry research. For pAr(r) > 2k, with A the root of (A.11), floor-entry research is
the tuple with A = min{Ag (A7 (r)), 1}, o = 61, o1 = 6-1, ((=1), u(0), u(1)) = (my, 1/2, M),
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{ =0, prices P(q) =ty + pw(u(q)), @a(P(q)) = u(q) and truthful bids. Its entry is p.
Recruiting research at the cap is the tuple with A = A, oy = 61, or(~=1) = §_-(r)/1 and

or(0) =1 —5_(r)/A, where §_(r) is the sale rate of Lemma A.15 at the presence A:
§-(r) =min{, b [pAr(r)/k-2]"},  b=(1-DB,  bo=(1-D(1-28).

Its posteriors are p(—1) = b/(2b + §_(r)), u(0) = bo/(2bo + A — §_(r)) and u(1) = M;. It has
{(P(1)) = Land {(P(0)) = {(P(=1)) = 0, prices P(q) = 10 + e(q) w(u(q)), A(P(q)) = p(q)
and truthful bids. Class L abstains when pAr < 2k and sells with probability one when pArm 3 > k;
in between it mixes, and its sale just pays the trading cost.

The floor margin is

@p(r) = pAr(r) [1 =7(r)] — k —adg(r).

Since m ;) = 1 — 7(r), it is the gap pArm, — k — ad of (A.11) at A = Ag(r): the return to a full
order at the entry floor, at the research that lets a purchase just reach the threshold, net of the trading

cost and of the marginal cost of that research.

Lemma A.18 (Floor-entry research along the path). Take the example on [ro, 2], when an indifferent

informed trader may mix over its best orders and an indifferent high-cost rival prepares.

(a) The floor margin ¢, rises strictly on the path. Its unique zero is rg, withry <rg <ry <rc.
On (ry,rc), the threshold exceeds the top posterior at research min{1g(Ar(r)), A} exactly on
(rn,rg), and equals it exactly at rg and rc.

(b) Floor-entry research is an equilibrium exactly on (ry,rg) and (rc, r2], with entry p. The floor
root reaches the cap at ry. On [ry,rgl, it rises strictly from zero to Ag(rg) ~ 0.234257 < A;

on (rc,ry] research is at the cap.
(c) Recruiting research at the cap is an equilibrium exactly on [r3, rc], with entry 0.522757.

(d) On (rn,rg), exactly these two equilibria coexist. On [rg,rc], recruiting research at the cap is

unique; on (rc, 2], floor-entry research at the cap is unique.

Proof. Throughout, r € [ro, 2], Ag stands for Ao (Ar(r)), and the gap is pAr(r) my — k — a4, the
gap of (A.11) at A7 = Ar(r), as a function of A. Recall ry = t(2k/p), ri = t((2ad + k)(1 + ¢)),
ru = t((k +ad)(1 +e)/p), and the entry ceiling rc, at which 7(r¢) = M.

Step 0: facts along the path. The spread Ar and the threshold 7 rise strictly. Since B,(1/2) =
h/2 —r/4 + (€% = 2p2)/(4r) < cy, T(r) > 1/2, and 7(r) < 7(rp) = 4245/5804 < 1; so
Ap(r) € (0,1) is defined and rises strictly. Since M, rises strictly in A and M,y = 7(r),
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Ag(r) < A exactly when r < r¢, with equality only at 7¢. Condition (U) holds at r{, with margin
0.016421, and M7 — 7(r1) = 0.026059 and 7(rp) — M7 = 0.000334, so ry < r; < rc < ra. Also
ry —r1 ~ 0.070245 > 0. Since m; = 1/(1 +¢), the gap at A, pAr(r) m; — k — aA, is nonnegative
exactly when r > ry, with equality only at . For r > ry, the gap falls strictly in A and vanishes at
Ag,s0dg > i exactly when r > ry.

Step 1: the comparison. Letr € (ry,rc]. Then Ag(r) < A, and My (r) = 1 — 7(r) makes the
gap at Ag(r) equal to ¢, (r). Since M, rises strictly, 7(r) exceeds M, at A = min{dgp, 1} exactly
when min{1g, 1} < Ag(r). Because Ag(r) < A4, this is 19 < Ag(r), and because the gap falls
strictly in A and vanishes at Ag, itis ¢, (r) < 0. In the same way, 7(r) equals M, at A = min{1¢, 1}
exactly when min{dg, 1} = Ag(r), which holds exactly when 1g = Ag(r), thatis ¢,(r) = 0, or
when A = Ag(r) < Ag, thatis r = r¢, by Step 0 and r¢ > ry.

Step 2: the floor margin rises. By the formula for dAg/dr,

aBt'(r)
{B+1=-28)[1-7(N]}*

0, (r) = p[Ar(r) (1 =7(r)) = Ar(r) T'(r)] =

with A%.(r) = 2(1 = €%/r?) and 7/ (r) = 2[cpr? = (€% = pP)r + h(€* = p*) — cul*] | (2hr — r* - (%),
On [rg, r2] the factors A’T, A7, 1 — 7 and 7’ are positive. On a piece [/, r”] C [ro, 2], A’T, Arand T
rise, cgr? — (€2 = p?)r + h(€* = p?) — cyl? rises, and v/ < T'(r', r"), since 2hr — r> — €% is positive
and rises; the denominator {8 + (1 — 28)[1 — 7]}? of the last term falls as 7 rises, so on the piece it

is at least its value at r”. Hence, for r € [/, r"],

aBT(r',r")
B+ (1=2B)[1-7(r"]}*
[eu(r")? = (62 = p))r” + h(€? = p?) — cul?]
(Zhr’ _ (,,/)2 _ 52)2 ’

@, (r) 2 p[AL() (1 =7(") = Ar (") T (', 7)) =

2
T(r',r") =

Partition [ro, 2] into pieces of width 1/10. An exact rational computation shows that the right side
of the first line is at least 1/100 on each piece, so ¢, rises strictly on [ro, r2].

Step 3: the zero. Atry, pAr(ry) = 2k, so ¢,(rn) = k[1 = 27(rny)] — adg(ry) < 0. Since
my=1-Mj,

@p(r) = [pAT(r) my—k — a/i] + pAr(r) [M; - T(r)] + a[/i - ﬂE(r)].

On [ry, rc], the first bracket is nonnegative, with equality only at ry;, and the other two terms are
nonnegative and vanish only at rc. Since ry < rc, ¢, > 0 on [ry,rc]. By Step 2, ¢, has exactly
one zero rg on [ro, r2], with ry < rg < ry; itis negative on [rg, rp) and positive on (rp,r2]. The
floor margin is a rational function of r with rational coefficients, so its sign at a rational strength

follows from exact rational arithmetic; these signs give rg =~ 2.166995 and Ag(rg) =~ 0.234257.
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With Step 1, this proves part (a).

Step 4: floor-entry research. Letr € (ry,ra2], so pAr(r) > 2k, and take floor-entry research,
with A = min{dp, A} > 0. (E1): fy = (b,bo,b + A) and fr = (b + A, by, b) on (~1,0, 1) give
the stated posteriors, and m; < 1/2 < Mj. (E2): the stated entry is p after every order, so by the
paragraph on constructed tuples in Appendix A.2 the three prices differ, and each price reveals
its order. Suppose 7(r) > M;. (E3): every posterior is at most M; < 7(r), so B, < cy at every
price, and { = 0 with no tie. (E4): (A.4). (E5): by (A.12), Uy(1) = pAr(1 — M;) — k and
Ur(-1) = pArm; — k. Both equal pArm — k, which is at least al > 0, because A < Ap and the
gap is nonnegative on [0, 1p]. With U;(0) = 0 and Lemma A.13(c), the purchase and the sale
are the strict best orders. (E6): truthful bids. (E7): ¥ = pArm; — k. If 1p < A, then A = Ao
and ¥/a = 1p < ;if 49 > A, then A = 1 and ¥ — ad = pArmj — k —ad > 0. In both cases
min{1, ¥/a} = A. Conversely, if 7(r) < M3, then B,(u(1)) > ¢y, and (E3) with an indifferent
rival that prepares requires {(P(1)) = 1, so the tuple is not an equilibrium.

Floor-entry research is therefore an equilibrium exactly when 7(r) > M; at A= min{dg, 1}.
By part (a), on (ry, r¢] this holds exactly on (ry,rg). On (rc,r2], r > ry gives min{dg, A} = 4,
and 7(r) > Mj3, so it holds there, with research at the cap. On [ry,rg], ¥ < ry,so g < A; it rises
strictly and continuously with r, from O at ry, where the gap at 1 = 0 is pAr(ry)/2 — k =0, to
Ag(ro) at rg, where the gap at Ag(rg) is ¢, (rg) = 0. This proves part (b).

Step 5: recruiting research at the cap. Let r € [ri,rc], and write §_ = §_(r). (El):
fu = (b,bo,b+A)and f; = (b+5_,by+A—35_,b) give the stated posteriors, with (—1), u(0) <
1/2 < 7(r) < M3y = u(1). (E2): the stated entry, p after a sale and after no order and 1 after
a purchase, is nondecreasing in the posterior; by the paragraph on constructed tuples, orders
with equal posteriors have equal entry p and share a price, orders with distinct posteriors have
distinct prices, and the belief at each price is the posterior of its orders. (E3): B,.(M3) > cn,
with equality only at r¢, where the indifferent rival prepares, and B, < cpy at the posteriors at
most 1/2. (E4): (A.4). (ES5): the purchase earns Aymj — k > Ar(rj)m;—k = 2ad > 0, so by
Lemma A.13(c) it is the strict best order of class H. Class L earns Uy (1) < —k, U (0) = 0 and
Ur(=1) = pAru(=1) — k. If §_ = 0, then pAr <2k and Uy (=1) = pA7/2 -k <0.If0 < §_ < 4,
then 2b +5_ = bpAr/k,and Ur(~1) = 0. If §_ = A, then pArm; > k, since mj = b/(2b + 1), and
UrL(-1) = pArm; — k > 0. In each case o puts weight only on best orders, and an indifferent
informed trader may mix. (E6): truthful bids. (E7): ¥ > $(Army — k) > ad, so min{1, ¥/a} = 1.
A purchase has probability 3(b + 1) + 16 = 8+ (1/2 — )4, and only the purchase raises entry
above p, soentry is p + (1 — p)[B + (1/2 — B)A] = 0.522757.

Forr > rc, u(1) = My < 7(r), so (E3) requires £ (P(1)) = 0, and the tuple is not an equilibrium.
Forr < rj r <ry gives S = 0 and Ur(-1) < 0, so ¥ = %(ATmA- — k)* < ad, because
Ar(r) < Ar(ry); (E7) fails. This proves part (c).
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Step 6: every equilibrium above ry. Let r € (ry,rc], and take any equilibrium. If A = 0,
every posterior is 1/2, entry is p after every order, and Uy (1) = pAy/2 — k > 0; then ¥ > 0, and
Lemma A.12 gives A > 0, a contradiction. So A > 0, and Lemma A.14 gives oy = 61, u(1) = M;
and e(0) = e(=1) = p. Lemma A.2(d) gives e(1) = 1if My > 7(r) and e(1) = p otherwise.

If My < 7(r), then Ug(1) = pArmj — k, which is positive by Lemma A.14. Lemma A.13(a)
gives p(=1) > mj3, so Ur(—=1) > pArmy — k > 0, and the sale is the unique best order of class L.
Then o = 61, u(=1) = myand ¥ = pArmy — k. Lemma A.12 gives A =min{1,¥/a}: if 1 < A,
then ad = pArm; — k, so the gap vanishes at  and 1 = 1p < 4; if 4 = 4, then the gap at A is
nonnegative, and g > 1. So A= min{Ag, 1}. The orders give the posteriors, Lemma A.2 gives the
preparation, the prices and the beliefs, and the bids are truthful, so the tuple is floor-entry research.

If My > 7(r), thene(1) = 1 and Ug(1) = Army — k. Class L can abstain, so ¥ > %(Armj - k).
The map A +— Az (r) my—k —2aA falls strictly and is nonnegative at A, because r > . If A < A, then
al =Y > L(Arm; — k) > ad, a contradiction; so 1 = 1. Let s- = 10 (—1) be the low-class sale
rate. Lemma A.13(c) gives 07.(1) = 0,s0 u(=1) = b/(2b+s_),and Uy (=1) = pArb/(2b+s_) -k
falls strictly in s_. If pAymy > k, then Up(—1) > 0 at every s_ < A, and (E5) gives s_ = A.
Otherwise Uy (—1) is positive at s_ = 0, because pAr > 2k, and negative at s_ = A, so (E5) admits
only the s_ € (0,1) at which U;(=1) = 0. So s_ = §_(r), and as in the first case the tuple is
recruiting research at the cap.

Every equilibrium on (ry, r¢] is therefore floor-entry research or recruiting research at the cap.
By parts (b) and (c), the equilibria are exactly these two on (ry, rg), and recruiting research at the
cap alone on [rg, rc]. Forr € (r¢,r2], r > ry gives (U), and M3 < 7(r). Lemma A.17 then gives
a unique equilibrium, with research at the cap, full orders and (P (1)) = 0, which is floor-entry

research at the cap. This proves part (d). O

The research 1 (Ar(r)) of floor-entry research and the recruitment intensity Ag(r) both rise
with strength. On (7, r¢], the floor margin has the sign of Ao (A7(r)) — Ag(r); it is negative at ry,
where A starts from zero, and it rises, so Ap crosses the recruitment intensity once, at ro. From
ro to rc, a purchase at the research min{Ap, A} recruits, and only recruiting research at the cap
remains. Above r¢, even research at the cap leaves the purchase posterior below the threshold, and

entry returns to the floor.

Proposition A.1 (The research cap and cost). Keep the example’s primitives other than a and A,
with B = 0.294655. Under an indifferent informed trader who may mix and an indifferent high-cost
rival who prepares, the six-strength equilibrium pattern in Corollary 3(b), with Ag(r) < Ag(r) < A

at each intermediate strength, holds with strict margins exactly when

Ag(ry) < A< Ag(r2), alo(/i) < a < ayp,
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where

Ar(1.65)m; — k _ Ar(1.55)[1 -7(1.55)] -k

21 R 207(1.55) '
The cap strip is approximately (0.290539, 0.336721). At the example’s cap, 1 ~ 0.336122, the
cost window is approximately (0.021469, 0.036763); at a = 1/40 the cap range is approximately
(0.316683,0.336721). Entry atryis p + (1 = p)[B + (1/2 = B)A]. With B varying, 1 +u = e,
A= A(B) = uB/(1+upB) and a = 1/40, the six-strength pattern, with entry p+(1—=p)[B+(1/2—B)A]
at ry, holds for B € (Bio, 1/3], where B, ~ 0.236157.

dlo (/i) =

Proof of Proposition A.1. Fix = 0.294655 and the other primitives of the example. The required
equilibrium patterns are those of Corollary 3(b) with Ag(r) < Ag(r) < A at each intermediate
strength.

Sufficiency. Let the two conditions hold. The weak-incumbent claim holds for every (4, a),
since A7(rg) < k. At the intermediate strengths, 1/2 < 7 < 1 and pAr < 2k do not involve (4, a)
and hold at the three strengths, so Lemma A.16 leaves zero research and recruiting research. The
condition a < ayp is ¢,(1.55) > 0. Since ayp < Amono, Pa rises on [rg,7/4], so ¢, > 0 at 1.60
and 1.65 too. The condition a > ajy(A) is Aje5(Ad) > 0, that is Ag(1.65) < A. Since A rises in
r, Ag < A at the two lower strengths too. Then Az < Az < A, and Lemma A.16 gives the sets.
At the strong and the very strong incumbent, M, rises in A and M, () = 7(r), so the strip gives
7(r1) < My < 7(rp). Condition (U) at ry is a < ay(r1;4) := [pAr(r1)m; — k]/A, and at r; it is
a < ay(ry; A) := [pAr(r)my —k]/A. Both bounds fall in A, so on the strip they exceed their values
at A = Ag(r,), which are 0.073556 and 0.127845. Both exceed ayp = 0.036763, so Lemma A.17
applies at both strengths. Its entry formula gives p + (1 — p)[B + (1/2 — 8)A] at ry.

Necessity. Each failure of a condition breaks one claim.

¢ 1 < Ag(ry): every posterior at ry is at most M; < 7(r1), so entry above p needs a tie for the

rival, and strict recruitment at r; fails.

¢ 1> Ag(rp): research at the cap gives u(1) = My > 7(r2), so an indifferent high-cost rival who

prepares raises entry above p at r,, and exclusion at r; fails.

* a>ay: pq(1.55) <0, so recruiting research below the cap is absent at 1.55, or has u(1) =7

with a tie for the rival.
e a < ap(d): Args(d) <0, soresearch at 1.65 sits at the cap.

The cost window is nonempty on the whole strip: ay, falls in A, because its numerator falls and
stays positive there, and ajo(Ag(r1)) = 0.030579 < ayp. The cap strip is (0.290539,0.336721);
the margins of A ~ 0.336122 are 0.045583 and 0.000599, and the margins of a = 1/40 in its

105



window are 0.003531 and 0.011763. The upper cap margin corresponds to the posterior margin
7(rp) — M3 = 0.000334; the two numbers measure one boundary in two coordinates.

General 5. Set 1 = A(B) = uB/(1 +upB) with 1 + u = e, and keep a = 1/40. Then
mi=1/(2+u)=1/(1+e) for every B, so M7 = e/(1 + e) and m3 do not depend on S, and the
endpoint conditions 7(r;) < M7 < 7(rp) hold for every 8. Condition (U) at r; holds for every
B < 1/3, because A(B) rises in 8 and pAz(r1)/(1 +e) — k —ad(1/3) > 0; it also holds at r5, since
Ar(r2) > Ar(ry). At the intermediate strengths, aj, = [A7(1.65)/(1 +e) — k]/[2A(B)] falls in S,
SO aj, < a exactly when g > B, = 0.236157. Here S, is the unique solution of

up A7(1.65)
a = -k
1+up 1+e

9

the left side rises strictly from zero, so the equality determines the boundary. The upper bound
ayp(p) falls in B, because A /0 = 2t - 1)(1 —7)/{B+ (1 =2B)(1 - 7)}? > 0, and it exceeds
a for every § < 0.4897. The monotonicity bound ameno(B) falls in 8 on (0, 1/3] and equals
0.150885 > a at B8 = 1/3. The steps above then apply at each g € (0.236157, 1/3].

m]

Remark A.1, the example. At the three intermediate strengths, allowing an indifferent high-cost
rival to prepare with any probability adds the threshold pair, whose entry is 0.456294, 0.420777
and 0.392494, respectively. At rc, its cap family permits every e(1) € [p, 1], and total entry fills
[p,0.522757].

When an indifferent informed trader abstains and an indifferent high-cost rival prepares,
recruiting research is absent on (ry, rs|, and floor-entry research is the unique equilibrium there.

When an indifferent high-cost rival may prepare with any probability, the threshold pair at r = 2 has

A= Ap(r) ~ 0.223835,
e(1) ~ 0.359944,
E ~ 0.287449.

Both trades are strictly profitable in this pair, so it is also an equilibrium when an indifferent
informed trader abstains. At all strengths above ry other than rc, the equilibrium is unique under

all four tie rules.

Proof. Ateach intermediate strength the sale payoff is strictly negative. Thus e* = (2adg+k)/J, with
the respective values 0.865703, 0.758777 and 0.673748. Substitutionin p+(e*—p)[B+(1/2-B)A]
gives the three entry values. At r¢ > ry, condition (U) makes cap research optimal even at purchase
entry p; the cap family in Remark A.1 therefore has the whole interval [p, 1].

On the recruiting segment at the cap, pAr > 2k and pArm; < k hold together exactly on
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(rn,rs]. The survival condition in Remark A.1 excludes recruiting research there when an indifferent
informed trader abstains. This interval lies inside (ry, 7o), where floor-entry research has strict
orders and a strict preparation decision, so that outcome remains unique with full preparation at a tie
for the rival. At r = 2, substituting the rational auction quantities into Ag, e*, and the total-entry
formula gives the displayed values. There pJ — k > 0 and e* > p, so both trades are strictly
profitable and the threshold pair survives the rule that an indifferent informed trader abstains. Finally,
every r > ry satisfies condition (U); except at r¢, its cap posterior differs from the threshold, and

Lemma A.17 gives uniqueness. O

A.6 Robustness

This subsection states and proves Proposition A.2 and the results that Section 6 summarizes. Each

proof uses the conventions of Appendix A.2.

The fixed-information control

Proposition A.2 (Fixed information). Fix the joint distribution of the class j and a signal S that the
rival observes. Fix the class value distributions G ; and the cost distribution. In each economy i,
require that, conditional on (j, S), the joint distribution of (6, R) is G ; ® F;. The cost is independent
of the class, both values and S. If the incumbent strengthens from Fy to Fy, entry is nonincreasing

when an indifferent high-cost rival prepares. Its decrease is exactly
Eo — Ei = Pr{Br, (u(S)) < C < Br,(u(S))},  u(S)=Pr(j =H|S),

and the decrease is strict exactly when this probability is positive.

Proof of Proposition A.2. The cost is independent of the class, the values and the signal S, so
u(S) = Pr(j = H | §) is the rival’s complete class belief at its decision. The conditional joint
distribution G ; ® F; gives gross profit Br, (1(S)) in economy i. When an indifferent high-cost rival
prepares, the rival prepares exactly when C < Bf, (1(S)). Proposition 1(a) gives Br, (1) < Br, (1)

at every belief. Hence, pointwise,

H{C < Br,(u(8))} = {C < Br, (u(S5))} = K{BF, (u(S)) < C < B, (u(5))} 2 0.

The joint distribution of (S, C) is the same in both economies. Take expectations: Ey — E; equals
the probability in the proposition, which is nonnegative, and it is positive exactly when the decrease
is strict. A tie probability ¢ that is the same in both economies assigns the preparation probability
1{C < Br,} + q1{C = Bp,}. With B, < Bp,, the difference of the two expressions is 0 for C < Bp,
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and for C > Bp,, 1 —q at C = B, < Bp,, 1 strictly between, g at C = B, > BF,, and O when the two

profits are equal; it is nonnegative, so entry is nonincreasing under that common tie probability. O

The control in the slot. The experiment fixes A, S, «, the cost distribution and the full orders
(ocg,or) = (61,0-1). Lemma A.1(d) gives the posteriors (m,nw, M). Let e,(u) = p + (1 —
P){B,(u) = cy}and P(x) =19 + e,(u(x)) w(u(x)). This entry is nondecreasing in the posterior,
so by the paragraph on constructed tuples in Appendix A.2 the three prices differ, and each price
reveals its posterior. The rival’s signal is therefore the order, with a distribution that does not depend
on r. Given the class and order, the value distribution is G ; ® F,, as Proposition A.2 requires. In
the example, on £ < r < h, 7(r) = [2rcy — (£2 = p*)]/(2rh — r* — £?) rises and
2ecy — (62 - p?)

O=—wm- "

so only the top posterior M can recruit, and it recruits exactly when r < r¢. Entry is therefore
o+ (1—=p)(b+1A/2) = 0.522757 on (¢,rc] and p = 0.250000 above r¢ = 3.592659. The
probability of Proposition A.2 is O from rg to 1, because the top posterior recruits at both strengths,
and 0.272757 from r| to rp. At rg the frozen profile is a control and not an equilibrium: its purchase
and sale earn Ag(1 — M) — k < 0 and pAgm — k < 0. At ry, the bound pkA; > k of Step 2 of
the proof of Proposition 2 forces full orders in every candidate, so the frozen tuple is the unique
equilibrium there.

When the rival does not see the price, its belief stays at 7, and B,, (1) < cy gives entry p after
every order at both strengths. At ro, A9 < k forces zero orders; at ry, the bound pxkA; > k holds
with e = p and forces full orders. The prices are ty + p w(u(x)), and every condition holds by the
computations of Steps 1 and 3 of the proof of Proposition 2 with e = p. Entry is 0.250000 at both

strengths. Table 3 lists all four outcomes.

Preparation cost distributions

For this robustness result, let the preparation cost C be independent of the class, the value, the

incumbent’s value and the slot, with the distribution
o= pCI)O +(1- p)(I)l, supp ®° c [0, col, supp o' [c_,cy].

Each component can be atomless or have atoms. A rival prepares when gross profit at its belief
exceeds its cost, and it stays out when gross profit falls short. The low component plays the role of
the zero cost, and the high component plays the role of cy.

With a general cost distribution, the preparation rule assigns (P, C) € [0, 1] to each price
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and cost, and (E3) reads: £(P,C) = 1if B(ji(P)) > C, and /(P,C) = 0if B(ji(P)) < C. Entry
after the order x is e(x) = / L(P(x),C)d®(C). Every step of Appendix A.2 that does not use the
two-point distribution carries over; in particular, Lemma A.3 holds for any entry in [p, 1].

Proposition A.3 (Preparation cost distributions). Let the classes satisfy the class ranking (1), and

let Fy strengthen Fy. Suppose
0<¢p< Bi(m), Bo(n) <c_ <cy <Bi(M), Ag < k < pkAy.

(i) At Fo, the unique orders are zero, and entry is p.

(ii) At F), the unique orders are full, and only a purchase recruits the high component. Entry is
p+ (1=p)(b+rA). High-class ownership rises if and only if [p + (1 — p)(b + A)] Wy (F}) >
p Wi (Fp).

Proof of Proposition A.3. Step 0: consequences of the hypotheses. The class ranking (1) gives
A; > 0andwy > 0. Since k > 0, k < pkA; gives A} > 0. The support gaps and Proposition 1(a) give
Bi(M) > ¢y > c- > Bo(m) 2 Bi(m). Since M > nr, Bi(M) — Bi(n) = (M —m)(gn.1 —8gL1) > 0,
so gu.1 > gr.1- The proof needs no condition Ap > 0.

Step 1: the floor at the nonzero orders. Fix a candidate in either economy. A price reached by a

nonzero order has its posterior in [m, M|, so
B, (1) = Br,(m) > Bi(m) > ¢o.

Every cost in the support of ®° therefore prepares strictly at both nonzero-order prices, giving entry
at least p after a purchase and after a sale.

Step 2: orders and preparation by the low component. At Fy, entry in [0, 1] gives correct gross
returns at most Ay < k, and wrong-signed orders earn at most —k. Both classes therefore abstain.
Every order and price has posterior 7, and ¢y < Bj(m) < Bo(m) < c_ gives entry p. At Fi, the
nonzero-order floor and the trading bound give correct gross returns at least pkA; > k, so both
classes place full orders. Their posteriors are (m, 7, M), and each price belief is an average of these.
The low component therefore prepares strictly at every price. These order comparisons hold under
both tie rules for the informed trader. The price formula and the strict support windows give the
equilibrium tuples and outcomes of Proposition A.3.

Step 3: the tuples. At Fy: zero orders, u = &, i = m, the single price f99 + p wo(r), and
[(P,C) = 1{C < By(n)}. At Fy: full orders, posteriors (m, m, M), (P(x),C) = 1{C < By (u(x))},
entry (p, p, 1), prices to,1 + e(x) w1 (u(x)) and f(P(x)) = u(x); truthful bids in both. Equilibrium
conditions: (E1) and (E2) hold as in Steps 1 and 3 of the proof of Proposition 2; at Fi, the stated

entry is nondecreasing in the posterior and A; > 0, so the prices differ. (E3): at Fy, Bo(7) < c_
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excludes the whole high component, and By(r) > ¢y includes the whole low component. At F1,
B{(M) > c, includes the whole high component, and Bi(m) < B (7)) < Bo(m) < c_ excludes it at
the other two posteriors. Every realized comparison is strict, so both tie rules for the rival agree.
(E4): (A4). (ES): at Fy, the correct gross returns are pAg(1 — x) and pAgr, both below k; at F1,
the purchase earns A;(1 — M) — k > 0 and the sale pA;m — k > 0. (E6): truthful bids.

Step 4: outcomes. A purchase has probability b+ in class H and b in class L, and only a purchase
admits the high component. So E; = p + (1 — p)(b + nd), classentry is ey = p + (1 — p)(b + 2),
and ownership is ey Wy (F) against 1pWy (Fp), as in Step 4 of the proof of Proposition 2. m]

The two-point distribution is the case @0 = 5y, D! =6, -

The third economy and the example band. For F5, the conditions ¢o < By(m), By(M) < c_ and
k < pxA; give full orders by the same bound, include the low component everywhere, and exclude
the high component at every posterior, so entry is p. Suppose instead that the low component
prepares everywhere, that B, () < c—_, and that the orders are full. The high component then

prepares only after a purchase, with probability ®!(B,(M)), so
E(r) = p+ (1-p)(b+nrd)® (B, (M)).

This is the only place where atomlessness enters: for atomless ®!, ®! is continuous, and B, (M) falls
continuously in r, so entry is continuous and nonincreasing in strength. In the example, take ¢p = 1/5
and ®! uniform on [cy — &, cy + €] with € = 1/10. The margins are B;(m) — ¢y = 2.166179,
c_ — Bo(m) = 1.095833 and B{(M) — c; = 0.117155. Entry at r; is 0.522757 and ownership
is 0.324401. At rp, c- — Bp(M) = —0.097311: the top profit lies inside the band, at distances
0.097311098 and 0.102688902 from its ends, and the formula gives entry 0.382711 and ownership
0.222020 by direct evaluation of the uniform distribution. The return to p at r, holds for every
half-width below ¢y — B2 (M) =~ 0.002689; at £ = 1/1000 its margin is 0.001689.

Value classes and priors

Scope. For every pair of ranked finite-mean classes with a positive mean gap, a reserve p > 0,
every interior prior and slot, and 0 < p < 1, the uniform incumbent family F, = U[0, r] admits a
nonempty set, defined by strict inequalities in strengths and costs, on which the hypotheses and

ownership conclusion of Proposition 2 hold.

Proposition A.4 (Value classes and priors). Fix classes that satisfy the class ranking (1) with

Ey[6] > EL[6], a reserve p > 0, and any n, p € (0, 1) and slot (A, B). For uniform incumbents, a
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nonempty open set of strengths and costs (ro,r1, 12, cy, k) satisfies (HI)—(H3) and the ownership

condition of Proposition 2. On this set every conclusion of Proposition 2 holds.

Proof of Proposition A.4. LetI'(x) = fpx D(y) dy, and write I" = Eg[6] — E.[6] > O for the total
mean gap. Under the class ranking (1), D > 0, so I' is continuous and nondecreasing with limit I".
Let 6, = inf{x > p : I'(x) > 0}; finite means and I" > 0 give p < 6, < oo.

Step 1: the uniform incumbent. For R ~ U|0, r], (5) and integration by parts give

mrn= [[(1-2)pwav=1 [Troa

since I'(p) = 0 and the boundary term at r vanishes. Since I" is continuous,

r'(r)-[T(y)d
r (r) {1; (y) yzpl;z(r)>

A (r) = 0 (r>0,),
because fpr I'<(r—p)I'(r). Also Ar(r) > 0asr | 0., since I' = 0 on [p, 6.]. The split identity
of Section 3.1 gives gy(r) —gr(r) =T' = Ap(r) 2T - (r — p)U'/r = pI'/r > 0, and at r = 6,,
gn — g1 = I'. Dominated convergence, with the integrable bound 1 — G j» gives continuity of g;(r)
and Wg(r) inr,and g;(r) — O asr — oo. Since 6 > p, Wy (r) = Eg[min{6/r,1}] > p/r > 0.

Step 2: the construction. Leteg = p+ (1 —p)(b+ A1) > p. At 6., By, (M) — By, (1) =
(M — )" > 0. By continuity choose r; > 6. close enough to 6. that B, (M) > By, (r) and
egWg(r1) > pWg(6.). Thenchooserg € (0., ry) close enough to 6, that Ar(rg) < pkAr(ry). Since
B,(r) and Wy (r) fallin r, B,,(7) < By, (m) < B, (M) and egWg(r1) > pWg(6.) > pWr(ro).
Choose cy in (B, (), B, (M)) and k in (Ar(ro), pkAr(r1)). Since g;(r) — 0, choose r» > r;
with B,, (M) < cy. These choices satisfy (H1) to (H3) and the ownership condition.

Step 3: openness and the conclusions. Each condition is a strict inequality between continuous
functions of (rg, r1, 72, cy, k), so a neighborhood of the constructed point satisfies all of them. On
this set, the tuples of Proposition 2 satisfy every equilibrium condition and are the unique outcomes.

In the point-mass case D = 1{¢{ <y < h},s0 6, = ¢. O

The economies of Table A.4. For a point value 6 and R ~ U[O0, r], integration over the pieces
cut by p, 6 and r gives 1(6) = 6 — (8> — p?)/(2r), g(8) = (6> — p>)/(2r) and F(6) = 6/r for
p<6@<r,andt(0) =r/2+ p*/(2r), g(6) = 6 —t(0) and F(0) = 1 for § > r. A uniform class
averages these piecewise polynomials over its support, with a cut at r; every piece has degree at most
three. Exact integration, with rational bounds on e, gives (H1)—-(H2) for the moderate-gap row and
(H1)—(H3) for the other four reversal rows, with the margins in Table A.6. Proposition 2 supplies

their unique equilibrium outcomes. In the wide classes the class ranking holds with overlapping
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Table A.4. Other class distributions and priors.

Panel A. Primitives

Economy Low class High class bd CH k ro r
Moderate gap 1 2 172 89/100 1/500 21/20 3/2
Narrow bands U[19/20,21/20] U[199/20,201/20] 1/2 6 1/50  6/5 3 18/5
Low prior 1 10 3/10  9/2  1/100 11/10 3 18/5
High prior 1 10 7/10  36/5 1/100 11/10 3 18/5
Wide classes Ul[3/5,7/5] UJ[l1,19] 7/10 67/10  1/50 1 9/2 1172
Same means, points 1 10 7/10  67/10  1/50 1 92 1172
Panel B. Outcomes

Economy Entry Eg Entry E; High-class ownership Op

Moderate gap 0.250000 0.522757 0.324401

Narrow bands 0.250000 0.522757 0.324401

Low prior 0.250000 0.472339 0.194641

High prior 0.250000 0.573175 0.454162

Wide classes 0.250000 0.573175 0.419819

Same means, points 0.250000 0.250000 0.175000

Notes. The slot with 8 = 0.294655 and 1 + u = e, the reserve 1/2 and p = 1/4 in every row. A single number is a
point-mass class; U[-, -] is a uniform class. The moderate-gap economy has two strengths. At the third strength
every row with three strengths has entry p. The moderate-gap row satisfies (H1)—-(H2) of Proposition 2; the other
four reversal rows also satisfy (H3). The last row fails the recruitment condition at r;.

supports: G — Gp > 0 everywhere, with equality only outside the common interior of the supports.

The last row keeps the costs, the prior and the strengths of the wide classes and puts point masses
at the same means. Its upper margin at ry is Bj(M) — cyg = —0.018122 < 0. The bounds of Steps 1
and 2 of the proof of Proposition 2 still force zero orders at ro and full orders at | and r;, since
their trading margins are positive (Table A.6). Then B;(u) < B;(M) < cpy at every posterior of
the higher strengths, and the prior profit at r( is below cp, so entry is p at all three strengths. The
comparison of the two rows is a convexity statement. For each R, § — (6 — max{p, R}); is convex,
so a mean-preserving increase in risk within a class weakly raises g;, and hence gross profit at every
belief.

At the example’s costs and strengths, the prior 3/10 gives entry 0.250000 at all three strengths:
the signed profit gap atry is B,, (M (3/10)) —cy = —1.390821. The prior 7/10 gives entry 1.000000
at ro, because the prior profit there exceeds the high cost by 0.600833, and entry 0.573175 at r;. In
both cases the bound Ar(r) < k forces zero orders at r(, and the bound on every profile forces full

orders at r; and r».
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More than two classes

Let finitely many classes j have priors 7r; > 0 and values above the reserve, and write 7;; and g; ;

for the class objects at F;. Every posterior vector v that a nonzero order can produce lies in the set
Vi VI .
My = {v =< (1+u)— forall],l}.
T j T

The price reveals only the posterior mean of class proceeds, v - . Partition the classes into a low
group £ and a high group H, with high-group prior mass 7. Write g¢ and g, for the prior-weighted

group means of g; 1.

Proposition A.5 (Many classes under separation). Let the incumbent strengthen from Fy to F).

Suppose
m]ax tjio— mjintm <k, Z?Tng"() <cy,
J
minf;; — max v -t > —, min v -f; —maxt;; > —,
JeH veM, P veM, jeL p

and gg1 > gr with gr + M(7) (g4 — &) > cu. Then at Fy the unique orders are zero, and entry is
p. At F| the unique orders are a purchase in every high-group class and a sale in every low-group
class, only a purchase recruits, and entry is p + (1 — p)(b + 7d) > p. These conclusions hold under

either tie rule for the rival.

Proof of Proposition A.5. The tuple lists every o;, the posterior vector u(q) = (u;(q)); after every
order, the posterior vector at every price, the prices, { and the bids. For g = 1, b < f;(q) < b + 4,
so every ratio f;(q)/ fi(g) liesin [(1 +u)~!, 14u]. Bayes’ rule gives ui(q)/mj = fi(q)/ 27 fi(q),
whence the posterior vectors at the two nonzero orders belong to M, for every 0 < § < 1/2.

Payoffs. Competitive prices give P(q) = to + e(q) [u(q) - t — to], and E[V | j,q] =
to +e(q)(t; — to) as in (A.4). Hence, against the fixed price and entry,

Ui(q) = qe(q) [t; —u(q) - t] —klql,

with e(q) € [p, 1] because the zero-cost rival prepares after every price. This step needs no price
sufficiency.

The weak economy. Every residual satisfies |t; o — u - to| < max; t;0 — min; ;9 < k, so every
nonzero order loses, and zero is the unique order of every class. Then f; = f; for all j, [, every
posterior vector equals the prior vector 7, and gross profitis 3. ; ;80 < cn, so entry is p. The tuple
has zero orders, the prior posterior at every order and price, the single price #9 + p (7 - to — t0,0),

¢ =0, and truthful bids. Each condition holds by these computations.
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The strong economy, orders. Under every candidate, a high-group class j earns from a purchase
atleast p [minjeqq 17,1 —max,epq, v-11] —k > 0, and from a sale at most —k minus a nonnegative term,
sincetj 1 —u-t1 > 0. Alow-group class earns from a sale at least p [min,epq, v-t1—maxeg t,1]—k >
0, and from a purchase at most —k. Zero pays zero. So every equilibrium has purchases in H and
sales in L.

The strong economy, the tuple. With these orders, the group posterior ug; of H follows the
two-class formulas with prior 7: ugy = (m(7), 7, M(7)) after (—1,0,1). Within each group
every class has the same order distribution, so the class proportions stay at the prior proportions:
uj(pug) = pynj/ for j € H and pu;(uy) = (1 — pug)m;/(1 — 1) for j € L. Gross profit at
M 18 8z + pa(§x — §1), increasing in pgr. At ugy = Titis 2,781 < 2780 < ¢y by
Proposition 1(a); at ugy = M(7) it exceeds cy by hypothesis. So only a purchase recruits, and
entry is (p, p, 1). The prices are P = to | + e(u) [t — to.1 + (3 — tr)puge] with group means 7.
Separation gives fg; > max, v - t; > min, v - t| > f s, so with e nondecreasing in u¢; and e > p, the
three prices differ, each price reveals ug; and the whole vector, and @(P) = u(ug). Each condition
then holds by direct computation: (E1) and (E2) by the formulas above, (E3) by the strict profit
comparisons, (E4) by the price formula, (ES) by the strict payoff bounds, (E6) by truthful bids. A
purchase has probability b + 71, so entry is p + (1 — p)(b + 1) > p. Every comparison is strict,

so both tie rules for the rival give this outcome. O

The four-class economy. The economy has the example slot, costs, reserve and first two strengths,
and four point-mass classes with prior 1/4 each. The low group has the values 1 and 1001/1000, and
the high group has the values 9999/1000 and 10. For posterior vectors of the form v; = m;¢; /3, my
with 1 <¢; < 1+ u, the mean v - ¢ is linear-fractional in each weight, so its extremes over M,
occur at the vertices of the weight box. Evaluation at every vertex gives the separation distance
¢ =0.178871, the trading margin pg — k = 0.024718, the weak range margin 0.003333, the weak
cost margin 1.195875, the group profit gap 8.332667 and the upper profit margin 0.216834.

A price collision at three classes. Without separation, the price can pool orders with different
posterior vectors. Take the slot of the example, R ~ U[0,8], p = 1, p = 1/4, cg = 10,
k = 1/8, priors (1/4,1/2,1/4), and the classes G| = 6, G2 = (1 = ¢)6, + Y109, G3 = 619 With
Y= (14+2byp+1)/2=0.940709. Since 48 > 1,1 -y = (1 -=2)(48—-1)/2 > 0, so the classes are
strictly ordered. The auction gives 1o = p(1 — p/r),
r p?
h=p, B=5+5 th=p+y(13-p), g1=0, g=h-13 g =Yg
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where 4 = 10 and r = 8. The tuple is o; = §;_» (class 1 sells, class 2 abstains, class 3 buys), Bayes
posteriors at each order, entry p at every price, prices P(gq) = to + p(u(q) - t — tg), the pooled belief
at the common price of the orders 0 and 1, and truthful bids. Every class profit is at most g3 < cy,
and class 3 has positive probability at every price, so the high cost never prepares and the zero cost

prepares strictly. Normalize proceeds to (0, v, 1). The conditional means at the orders O and 1 are

b(ﬂzlﬁ + 73) + Ams
b+ Ams

bo(moy + m3) + Amoy

1(0) =
() by + Amy

, ()=

and 7(0) = (1) exactly when ¢ = (2b + 3bgy + 21)/[2(2b + by + A)], which equals the stated ¥
because 2b + by + 4 = 1. The posterior vectors differ: (0.154664,0.690671,0.154664) after the
order 0 and (0.174878,0.349755,0.475367) after the order 1, with the common price 1.522107.
The sale has the distinct price 1.292045. Against the fixed tuple, U;(q) = gp[t; — u(q) - t] — klql,
and each class’s chosen order beats its best alternative by 0.260795, 0.020627 and 0.024768. The
collision is a knife-edge in ¢: a change of 1/1000 in either direction separates the two prices and

keeps every choice strict.

Complementary private signals

Proposition A.6 (Complementary private signals). Fix ranked finite-mean classes, a reserve p > 0,
continuous distributions F\ < Fy, prior one half, the two-point preparation cost with 0 < p < 1,
and a slot 0 < A < 1, 0 < B < 1/2. Conditional on class j, the signals Sy, Sc, the rival’s value and
the incumbent’s value are mutually independent, with value distributions G ;, F;. The cost and slot

draws are independent of these variables. The binary signals have accuracies 1/2 < aj,ac < 1:
Pr(S;=+|H)=Pr(S;=—-| L) =y, Pr(Sce=+|H)=Pr(Sc=-1|L) =cc.
The informed trader observes Sy; the rival observes Sc and the price. Define

M'=(1-ap) + Qa; - 1D)M(1/2), m!'=(1-a;)+ Qa;—1)m(1/2),
acH (I —ac)u

acu+ (1 -ac)(1-p)’ (1—ac)u+ac(l-p)’

Ap(F) = Ar(F) + (1 = p) 2ac = D[tu(F) — 1o(F)].

S (u) = 1€ (p) =

Suppose that

Br,(ac) < cy < Br,(uS(M")), (2a; = 1)Ap(Fo) < k < 2ar — )pm(1/2)Ar(Fy).
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Under all four tie rules, the unique orders at Fy are abstention after either signal of the informed
trader, with entry p and high-class ownership pWy (Fy)/2. At Fy, the unique orders are a purchase
after + and a sale after —; the public posteriors after (=1,0, 1) are (m!,1/2, M"), the three prices
differ, and entry strictly exceeds p.

At Fy, write {+(u) for high-cost preparation following Sc = + at public belief u. For uS(u)
strictly above or below the preparation threshold it is respectively one or zero; at equality the chosen

tie rule for the rival applies. Conditional entry is

ep(p) =p+ (1 -p)lacli(u) + (1 —ac)l-(w],
er(p) =p+ (1 =p)[(1=ac)l(u) +acl_(uw)].

Its class average ey = )., fu(x)en(u(x)) gives ownership Oy 1 = egWy(F1)/2, where
fu=b+ 1 -a)A, by,b+ajl), fL=({b+ajd, by, b+ (1-ap)Ad).
Ifalso Bp, (u€(M")) < cy, exactly the pair (X, Sc) = (1,+) recruits, and
en =p+ (1-plac(b+a), er=p+(1-p)(-ac)[b+(1-apl].

In general high-class ownership rises exactly when egWy (Fy) > pWg(Fy), in particular it rises if
Wy (F1) = 1, or if decisive advantage holds at F.

Proof. Payoff bounds. The cost window and stochastic dominance imply Br, (u$(M')) > Br, (ac),
hence gy (F;) > gr(F1). The profit gap at Fj is at least as large by Lemma A.5, and the
trading window gives Ar(F;) > 0. For a candidate, let fi(x) = (1 — )n(x) + Ao=(x) and
vi(x) = fi(x)/[f+(x)+ f-(x)]. The two signals of the informed trader have equal prior probabilities,

and conditional independence gives
p(x) = (1 —ar) + (2a; = Dvi(x).

At either nonzero order Lemma A.1(b), applied to the informed trader’s signal, gives m(1/2) <
vi(x) < M(1/2). At a price the rival combines its signal with the public belief using u$ from the
statement. Write its preparation probabilities there as .. The signal likelihood ratios are strictly

ordered, so {; > {_, under either tie rule for the rival. Consequently ey > ey > p, and

ep—er=(1-p)2ac—-1)(L+-).

With w; = t; — 19, conditional independence gives terminal payoff 7y + e ;jw; in class j. Competitive
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pricing is therefore P(x) = to + egwy + u(x)Ap, where
Ap =egwy —erwp = e Ar + (eg — er)wy, PAT < Ap SAP. (A.17)

These bounds apply at every candidate price. If two orders share a price, the two signal-contingent
preparation probabilities agree, so their class entries agree. At Fj, the positive lower bound in
(A.17) then gives equal public posteriors. Bayes’ rule at that price gives the common posterior.

Subtracting the price from the terminal payoff after each signal of the informed trader gives

Ur(1) = 2a; - D[1 = vi(D]Ap(1) -k,
U-(-1) = Q2as - Dvi(-1)Ap(-1) — k.

The wrong-signed orders earn respectively —(2a; — 1)[1 — v;(=1)]Ap(-1) — k and —(2a; -
1)vi(1)Ap(1) — k, at most —k. Zero pays zero. Every correct gross return is at most (2a; — 1)Ap
and at least (2a; — 1)m(1/2)pAr.

The weaker distribution. The upper trading bound at Fy is below k, so abstention after either
signal is forced under both tie rules for the informed trader. All order and price posteriors are one
half. The two private posteriors are a¢ and 1 — a¢; both profits are below cy. Thus entry is p, all
orders share price tg + p(wgy + wr)/2, and truthful bids complete the tuple. The displayed payoff
bounds give strict optimality of abstention. Preparation is independent of both values given class, so
high-class ownership is pWg (Fy)/2.

The stronger distribution. The lower trading bound at F; exceeds k, so the unique orders are
a purchase after S; = + and a sale after S; = —. Then f, = (b,bo,b + ), f- = (b + A, by, b),
vi = (m(1/2),1/2,M(1/2)), and the public posteriors are (m’,1/2, M'). Choose /. by the
prescribed preparation rule at these beliefs. Each is nondecreasing across the three distinct beliefs,

so both ey and e are nondecreasing. If yp > uj,

P(u2) = P(p1) = (p2 = p)Ap (1)
+ u2len(u2) —en(p1)lwh
+ (1 = wo)[er(u2) —ep(ur)]wr > 0.

The first term is positive and the others nonnegative. The prices are therefore distinct, each reveals its
public posterior, and combining it with the private signal gives the stipulated preparation. The price
formula, strict optimal-order bounds and truthful bids establish the other equilibrium conditions. At
the purchase price Br, (u$(M?')) > cy; the event (X, S¢) = (1, +) has positive probability in each
class. Thus each class average of entry, and total entry, strictly exceeds p.

Ownership and the recruiting pair. Conditional on class, the signals, slot and cost select
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preparation independently of (6, R). Therefore Oy 1 = egWy (F1)/2, with the class-specific order
distributions in the statement. If B, (u€(M?")) < cy, the rival’s unfavorable signal never recruits.
After a sale or abstention, the public belief is at most one half, and Br, (u$ (1/2)) = Br, (ac) <
Br,(ac) < cy. Thus exactly (X, S¢) = (1, +) recruits. Its probabilities are ac (b + a;A) in class H
and (1 —ac)[b + (1 —ay)A] in class L, giving the stated averages. Comparing ownership at the two
distributions gives the exact condition. If Wg(F;) = 1, dominance gives Wy (Fy) = 1 and ey > p
gives the strict rise. Recruitment at Fy gives cy < Br, (u$(M?)) < gy(F1), because uS(M?') < 1
and gy (F1) > gr (F1); decisive advantage at F| then gives Wy (F1) = 1, as in Lemma A.6. O

The signal example. Take point classes & = 10, £ = 1, reserve p = 1/2, uniform incumbents

n [0,r], (ro,r1) = (1.1,2.3), (p, cy, k) = (0.85,7.14,0.015), and (ay, ac) = (0.70,0.75), at the
slot 8 = 0.294655, 1 +u = e. Letm = m(1/2) and M = M(1/2). The four conditions of the
proposition and the one-pair condition have the margins 0.052500, 0.045265, 0.001455, 0.018594
and 4.159475. The formulas above give entry 0.850000 and 0.879797, and ownership 0.425000
and 0.449238. With an uninformative signal for the rival (o¢ = 1/2), the top public profit stays
below cpy at both strengths, with margins 1.469972860 and 1.862796856, so entry is p; the bounds
0.013181818 and 0.018594291 force zero and full orders, and entry is 0.850000 at both strengths.
When the informed trader observes the class and the rival has no signal, the margins 0.010454545,
0.068985729, 2.301363636 and 0.666013879 give zero orders, full orders and entry 0.850000 at
both strengths. On the grid of accuracies, six pairs satisfy the conditions, all with @¢ > a;; the

smallest margin among them is 0.000100000.

A slot with a more accurate signal for the rival. Keep the signal example’s primitives and set
(4,8) =(1/3,3/10); then M = 8/11 and m = 3/11. The five margins are

cua — By (ac) = 0.052500 > 0,

B, (uS(M")) — cy = 0.037038 > 0,

k — (2a; — 1)Ap(rg) = 0.001455 > 0,
(2a; — 1)pmAr(ry) — k = 0.019067 > 0,
cy — B, (u€(M")) = 4.171359 > 0.

Thus the hypotheses allow a¢ > a;.

The example. In the example the conditions cannot hold with a¢ > a;. The strong bound needs
27— 1 > k/[mpAr(r1)] = 0.446193819. If a¢ > g, then 2a¢ — 1 > 2a; — 1, and the weak gross
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bound is
k kw g (ro)

(2a; = 1)Ap(ro) > Ar(ro) + (1 _p)mpAT(rl) :

mpAr(ry)
The right side exceeds k by 0.049030. With an accurate signal for the informed trader and a weak
signal for the rival, (o, ac) = (0.94,0.505), the five margins are 1.150917, 0.020731, 0.002611,
0.019445 and 0.048822. Entry rises from 0.250000 to 0.386933. Without the rival’s signal, the top
public profit at r; stays below cg, with margin 0.013904, the bounds 0.005333333 and 0.019444742
fix the orders, and entry is 0.250000 at both strengths. Both sources are therefore needed for the rise.
Every comparison is strict, so all four pairs of tie rules give the same outcomes. At a higher accuracy
of the informed trader’s signal, the public posterior alone can recruit, and a pair can satisfy the
proposition without this complementarity; the margin cy — B,, (M?) is the condition that separates

the two.

The example with the signal example’s accuracies. In the example with (a7, a¢) = (0.70,0.75),
three of the four conditions fail, and each equilibrium has a mixed order: both signal types mix at ro,
and the type with §; = — mixes at . After wrong-signed orders are excluded, write s = Ao (1)
and s_ = Ao—_(—1); the purchase return depends only on s, and the sale return only on s_, with
1—v;(1)=b/2b+sy) and v;(-1) = b/(2b + 5_).

* At ro. Under every profile B,,(u$(m’)) > cgy and B,,(u€(M')) < cp, with margins
0.363883929 and 2.755550596. So £, = 1 and {_ = 0 at every price, ey = 13/16, e = 7/16,
and Ap = 311/1920 at every price. Each correct gross return is (2a; — 1) - ﬁ -311/1920,
strictly decreasing in its rate, above k at rate zero (margin 0.012395833) and below k at rate
A (margin 0.002574837). The unique zero-profit rates are s, = s_ = 119/96 - b < A (margin

u—119/96 = 0.478698495). Entry is 0.625000 and ownership 0.406250.

* Atry. Arival with S¢ = — never recruits (margin 3.155195358). A purchase has public posterior
at least 1/2, and B,, (@c) > cy (margin 0.375000000), so S¢ = + recruits after a purchase,
Ap = 137/192 there, and the purchase earns at least (2a; — 1) m Ap — k = 0.056760364 > 0:
s+ = A. After a sale, S¢ = + recruits exactly when u(—1) > 47/106, thatis s_ < 15/19 - b.
On that range the public belief after a sale is at least 47/106, and Ap > pAr(ry), so
the sale earns at least the return at that belief with entry p, 19/795, which exceeds k by
0.003899371; so no equilibrium has s_ < 15/19 - b, and no tie mixture exists at the public
belief 47/106. Above that rate, ey = e; = p at the sale price. The net sale payoff
U_(-1) = 2a; — 1)pAr(r1)b/(2b + s_) — k strictly decreases with s_. Its unique zero-profit
rate is s- = 4/3 - b < A (margin 0.384948495), with u(—1) = 21/50, below 47/106 by
0.023396226. After the zero order S¢ = + recruits (margin 0.219556089). Only a sale blocks

recruitment after S¢ = +; a sale has probability b + (1 — a;)s_ in class H and b + @;s_ in class
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L. Thusey =p+(1-p)ac[l-b-(1-aj)s_]ande; =p+(1-p)(1—ac)[l-b—ays_].
Hence entry is (égy + €1)/2 = 0.512521 and ownership ey /2 = 0.329227.

At rg, the informed trader mixes between trade and abstention after either signal, and it trades
with probability 0.721409. At ry, it buys with probability one after a favorable signal, and after
an unfavorable signal it sells with probability 0.775969. Each mixed tuple is unique when an
indifferent informed trader may mix, with either tie rule for the rival, by the strict monotonicity of
each return and the endpoint signs. When an indifferent informed trader abstains, neither strength
has an equilibrium, because the unique qualifying rates are interior. Without the rival’s signal, entry
is p under every profile at both strengths, zero orders are forced at rg, and at r| the unique rates are
s+ = s_ = 4/3 - b; this control also requires that an indifferent informed trader may mix, since the
gross return at zero, 0.033333333, exceeds k and the return at full orders, 0.017929428, falls short
of it.

A.7 Welfare and sale terms

This subsection states and proves Propositions A.7, A.8 and A.9, and it proves the statements of

Section 7 that rest on them.

Access to prices

Hold the incumbent at ;. Compare the equilibrium of Proposition 2 with the equilibrium of an
economy in which the rival does not see the price. All other primitives stay fixed, and market makers
set competitive prices in both economies. Write R for expected target proceeds and ‘W for expected
acquisition surplus net of preparation costs. The superscript 1 marks price access, and 0 marks the

hidden price. Acquisition surplus excludes transfers between bidders, shareholders and traders.

Proposition A.7 (Access to prices). Let the hypotheses of Proposition 2 hold. At Fy, both economies
have unique full orders. Price access raises expected target proceeds and acquisition surplus net of

preparation costs:

R —RY = (1= p){x(b+ D)ty —t0) + (1 =7) b (11 —19)} > O,
W' =W = (1 - p)(b+7d)[B1(M) - ci + pFi(p)] > 0.
Proof of Proposition A.7. The two tuples. The access tuple is Eg(F)) of the proof of Proposition 2.
The hidden tuple has full orders, the posteriors (m, w, M) at the orders, the rival’s belief 7 at every

price because the rival sees neither the price nor the order, { = 0, entry p after every order, the

prices P°(x) = to + p w(u(x)), and truthful bids. Here and below every object is at Fj.
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The conditions of the hidden tuple. (E1): the full-order likelihoods. (E2): the rival’s belief is its
prior. (E3): B(n) < Bo(7) < cy, strictly. (E4): (A.4) with e = p. (ES): with e = p, the purchase
earns pA(1 — M) — k > pkA; — k > 0 and the sale pAym — k > 0, and the wrong-signed orders
earn at most —k. (E6): truthful bids. These bounds hold for every candidate of the hidden economy,
so its orders are unique, and the tuple is unique. The access economy is unique by Proposition 2.

The proceeds gain. Couple the two economies on the class, the value, the cost, the slot identity
and the liquidity order. The orders coincide at every realization, so the trading costs coincide.
Access adds high-cost preparation exactly after the order 1, which has probability b + A in class H
and b in class L. With entry, expected proceeds rise from 7 to 7;. Hence

R RO =1 -p){r(b+Dwy + (1 —1)bwy}.

Each term is nonnegative, and wy = wr + A; > Ay > 0, so the gain is positive.
The surplus gain. Let Vy(R) = R1{R > p} be the allocation value without the rival. With
truthful bids, the target goes to the highest admissible value, so with an admissible rival of value

the allocation value is max{Vy(R), 6}, and
max{Vy(R),0} — Vo(R) = (8 — max{p, R}); + pIl{R < p}. (A.18)

For R < p, both sides equal 6, since 6 > p; for R > p, both sides equal (6 — R),. Average over R
and over the class at the posterior M of the order 1: one added preparation adds B (M) + pF;(p)
to allocation value and costs cy. Added preparations have probability (1 — p)Pr(X = 1) =
(1 = p)(b + ). Hence W' — W% = (1 - p)(b + nd)[B(M) — cy + pFi(p)] > 0, because
B{(M) > cy. Transfers between bidders, shareholders and traders cancel from this sum. O

The example, the transfer and the trade scale. At ry, proceeds are 0.872531 with access and
0.614583 without, a gain of 0.257948; net surplus is 2.634044 and 2.552083, a gain of 0.081960.
If the execution cost is a resource cost, both economies lose Ak, and the difference is unchanged. In
the access economy the informed trader arrives with probability 4; class H buys with entry one after
a purchase, and class L sells with entry p after a sale. By the payoffs of Lemma A.3 before the cost
k, its expected gross profit is

G =AA{n(1-M)+ (1 -n)pm} =0.037665.
Competitive prices give E[Vy — P(X) | X] = 0, so E[X(Vy — P(X))] = 0. The informed and

the liquidity orders partition this expectation, so liquidity traders lose G in expected gross terms.

Measure one order unit in shares per share of float, and keep the same signal experiment. The
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economy without an informed trader has the posterior 7 after every order and entry p, so its
proceeds equal RP. If initial shareholders bear the whole transfer, their total gain over that economy
is R — RY minus the order unit times G. It is positive exactly when the order unit is below
(R' = R%)/G = 6.848394. A deterministic external dividend raises V7 and every price by its
amount. It leaves Vr — P, every order payoff, the rival’s information and entry unchanged, and it
enters neither proceeds of the sale nor allocation surplus. With research at the cap, Appendix A.5
gives the same gains.

Access outside the recruitment region. Suppose instead Bj(m) < cy < Bi(n) and k < pkA;.
Without the price, the rival’s belief is 7, so every rival prepares, and entry is one after every
order. With the price, the posteriors are (m,n, M), and entry is (p, 1,1). In both economies
the bound on every profile forces full orders, so the orders, the posteriors and the trading costs
coincide, and each tuple satisfies (E1) to (E6) as above. Access removes high-cost preparation
exactly after a sale, which has probability b in class H and b + A in class L. Proceeds change by
—(1-p){rbwy+(1-m)(b+A) w } < 0,and surplusby —(1—p) [b+(1-7m)A] [Bi(m)—cy+pFi(p)].
Keep the strong incumbent of the example and set cy = 12/5. Then By(m) — cy = —0.033821 and
Bi(m) — cy = 1.891667, and access changes proceeds by —0.173917 and surplus by —0.013505.

The payment rule

Consider a verifiable-value institution with zero reserve. After diligence, values are verifiable, and a
sale to the next bidder at its value is an enforceable fallback. The seller and the winner divide the
surplus above the fallback by Nash bargaining, with seller weight w € [0, 1). Without a rival, the

seller receives wR.

Proposition A.8 (The payment rule). Let the rival’s values be the point masses € and h, and let the
incumbent distribution have support [0,7] with 0 < € <7 < h. The transfer, the rival’s expected

profit and the spread are

T,(R,0) = (1 — w) min{R, 6} + w max{R, 6},
80w = (1 —w)E[(6 - R)+],
Ay =w(h—-€)+ (1 -2w)E[(R—-1?{)+].
A stronger incumbent weakly lowers the rival’s profit. Its effect on the spread weakly has the sign of

1 — 2w. The effect is strict when E[ (R — €)] changes strictly and w # 1/2. At w = 1/2, the spread

equals (h — €) /2 at every incumbent distribution.

Proof of Proposition A.8. The continuation. After preparation, the bidder with the largest value,

max{R, 0}, acquires the target, and the next bidder’s value, min{R, 6}, is the enforceable fallback;
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without a rival, the fallback is zero. For max{R, #} > min{R, 6} and 0 < w < 1, Nash bargaining
maximizes (7, — min{R, 8})“(max{R, 8} — T,,))!~ over min{R, 0} < T, < max{R,6}. The
logarithm has derivative w/(7T, — min{R, 6}) — (1 — w)/(max{R, 8} — T,)) and a strictly negative
second derivative, so the unique optimum solves w(max{R, 6} — T,,) = (1 — w)(T, — min{R, 6}),
that is 7, = (1 — w) min{R, 0} + wmax{R,0}. At R = 6, feasibility fixes T, = 6, and at
w = 0 the next bidder accepts the fallback, so 7,, = min{R, 8}. Hence the transfer is 7,,(R, 6) =
(1 — w) min{R, 0} + w max{R, 6}.

Profit and spread. A rival wins when 6 > R and keeps 6 — T, = (1 — w)(6 — R), so
80w = (1 —w)E[(8 — R)+]. For R < ¢, both classes win, and 7,,(R, h) — T,,(R, {) = w(h — ). For
¢ < R < h, the high class wins and the low class loses, and T,,(R, h) — T,(R,€) = (1 —w)R + wh —
(1 —w)t —wR =w(h-10€) + (1 -=2w)(R - ). The support lies below £, so the average over the
two cases gives A, = w(h =€) + (1 = 2w)E[(R - €)4].

Signs. The function (6 — R) is nonincreasing in R, and (R — €); is nondecreasing. A first-order
stochastic strengthening of the incumbent therefore weakly lowers gg ., and weakly moves E[ (R—¢) |
up, so the spread moves with the sign of 1 — 2w, strictly when E[ (R — )] rises strictly and w # 1/2.
At w = 1/2, the coeflicient 1 — 2w is zero, and A, = (h —{)/2. O

For R ~ U[0,r], E[(R=€)+] = (r = 0)%/(2r) = Ar(r), s0 Ay (r) = w(h =€) + (1 = 2w)Ar(r).
In the example, A, (r1) — A, (ro) = (1 = 2w)[Ar(r1) — Ar(ro)] = 13/20 (1 — 2w), which is zero

exactly at w = 1/2. The proposition fixes the acquisition stage after every history.

Reserves

At a general reserve, a class value below p gives no admissible bid. For R ~ U[0, r] and a point

value 6, integration over R < p, p < R < 6 and R > 6 gives the kernel

(l‘o,O, 0), 0 <p,
,0-p, 1), <p<é,

((0), (@), F@1(o 2 py) =] 0PV r<p
(60— (6% = pH)/(2r), (6> = p)/(2r), 0/r), p<O<r,
(r/2+p2/(2r), 0—r/2-p?/(2r), 1), p<r<é,

(A.19)
with 79 = p(1 — p/r)+. The pieces agree at 6 = r and at p = r. A class distribution averages the
kernel. Both 7(6) and g(6) are nondecreasing in 6, and 1(60) > ty; when Gy (y) < G (y) forevery y,
Ar>0,wy >0and gy > g1 > 0. For £ < p < r < h with point values, t; =ty = p — p*/r, g1 = 0,
th=r/2+p?/Q2r),gu=h—tgand Ar =r/2—p +3p?/(2r). Forr < p < h,tg =t; = g1 =0,
ty =p,8y =h—pand Ar = p.
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Proposition A.9 (Reserves). Fix a reserve, and allow class values below it. Keep Gg(y) < Gr(y)
for every y, the costs, the slot and a strengthening Fy < Fy, and compute each class object with the

reserve. Suppose k < pk min{Ag, A;}.
(a) If Bo(mr) < cg < B (M), entry is the same at the two strengths: Eg = E1 = p+ (1 —p)(b+ 7).

(b) If Bo(n) < cy < Bo(M) and Bi(M) < cy, entry falls strictly: Eg = p + (1 — p)(b + ntd) >
p =E;.

Each economy has a unique outcome under every pair of tie rules.

Proof of Proposition A.9. Orders. The zero-cost rival prepares after every price, so entry is at least
p. Lemma A.3 uses only (E1), (E4), (E6), e € [p, 1] and Ay > 0, so it holds with the reserve kernel.
Every correct order earns at least pkA; — k > 0 under every candidate, and every wrong-signed
order at most —k. Full orders are forced at both strengths, and the posteriors are (m, 7, M).

Entry. Gross profit falls with incumbent strength at every belief, because (6 — max{p, R}), is
nonincreasing in R. In part (a), B;(7) < Bo(m) < cyg < B1(M) < By(M), so at both strengths only
the order 1 recruits, and B;(m) < B;(r) keeps the sale below the cost. In part (b), the weak strength
has the same pattern, and at the strong strength B;(u) < Bj(M) < cp at every posterior. Every
realized comparison is strict.

The tuples. At each strength the tuple has full orders, posteriors (m, 7, M), entry (p, p, 1) or
(p.p,p) as above, {(P(x)) = [e(x) — p]/(1 = p), prices Pi(x) = to,; + e;(x) wi(u(x)), A(Pi(x)) =
u(x), and truthful bids. Since A; > 0 and entry is nondecreasing in the posterior, the three prices
differ, so (E2) holds. (E1), (E3) and (E4) hold by the computations above, (ES) by the strict bounds,
and (E6) by truthful bids. The bounds hold for every candidate, so each tuple is unique, under every
pair of tie rules. A purchase has probability b + A, which gives both entry formulas. O

Reserves in the example. At each reserve and strength below, three margins decide the outcome:
the trading margin pkAr — k, the prior-cost margin ¢y — B(1/2) and the top-posterior margin

B(M) — cy. Each follows from the kernel formulas above, and the triples list them in this order.

* A reserve that excludes the low class. Atthereserve 101/100 with point values, the low class lies
below the reserve and the high class above both incumbent supports, so the formulas above apply.
The margins are (0.038167,1.512521,0.561220) at o and (0.047239, 1.835008, 0.089706)
at r1. Part (a) applies, and entry is 0.522757 at both strengths. Proceeds exceed their levels at
the reserve 1/2 by 0.047856 and 0.121853. For the narrow bands at 11/10, the margins are
(0.048076, 1.552083,0.503375) and (0.047572, 1.850833, 0.066568), with proceeds gains
0.027458 and 0.150186.
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» Deterrence. At the reserve 31/20, the reserve exceeds rg, so the weak incumbent never meets
it, and at ro the objects are 1o = 7 = g = 0, ty = p and gg = h — p. The margins are
(0.084215, 1.775000, 0.177445) at ro and (0.057405, 1.950208, —0.078730) at r;. Part (b)
applies: entry is 0.522757 at ro and 0.250000 at r1. Proceeds exceed their levels at the reserve
1/2 by 0.110114 and 0.020542. The point values and the narrow bands give the same objects

here, because the reserve lies above the low band and below the high band. The strong upper

profit equals cy at py = \/2r1 (h—cy/M) - r% ~ 1.325270, and the weak upper profit equals
cyath—cy/M ~ 1.792723; the reserve lies inside this interval, at distances 0.224730 and
0.242723 from its ends, and py — ro = 0.125270.

» Why deterrence excludes the weak incumbent. For point values and 1 < p < rg, the formulas
above give Ar(rg) —17/20 = (p = 1)(5p + 1)/4 > 0 and Ar(r1) =1 = (p — 1)?/2 > 0,
so the trading margins stay at least 0.037150 and 0.047235. The strong upper profit is
M(h —ri1/2 = p?/(2r1)), which at p = ry exceeds cy by 0.038544 and is larger at every
lower reserve. The weak upper profit is larger still, and both prior profits lie below cg. So
both strengths recruit after a purchase only, and entry is flat. For the narrow bands with
21/20 < p < rg, the low band lies below p and the high band above ry, so every band object
equals the point-value object, and the same conclusion holds. Strict deterrence by a reserve

that excludes the low class therefore needs p > ry.

* Boundary reserves. At p = pp, the purchase leaves the high-cost rival indifferent at r;: when
an indifferent high-cost rival prepares, entry is (p, p, 1), and when it may prepare with any
probability, the last component takes any value in [p, 1]; the trading margin there is 0.050792.
At p = h with point values, every acquisition profit is zero, the definition fixes zero-cost
preparation, Ay = h, the bound hpk > k forces full orders, and entry is 0.250000 with proceeds
1.250000.

A.8 Empirical implications

This subsection states and proves the results that Section 8 summarizes. The incumbent distribution
F is any continuous distribution, the class distributions satisfy the class ranking (1), and the prior
m € (0,1) is arbitrary; as in Lemma A.2, A7 > 0 and y = gy — gz > 0. Each result names the
trading pattern and the tie rules it uses. Every statement concerns one target in one public state, with
its prior, slot and incumbent distribution fixed, and every probability, mean and covariance is taken
over the order opportunity of that state. Write M = M () and m = m(n); f(x) = Pr(X = x) for the
frequency of the order x per order opportunity; v = Pr(X # 0) for the volume; wr(u) =t —to+Arp
for the entry gain at the belief u against F (Appendix A.2); and yr = 1{Br(M) > cy}. The entry
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gain rises in u with slope Ar and is positive at every interior belief. By Lemma A.2(d), entry after
an order is p when its posterior lies below 7 and one when it lies above; at the posterior 7 it is one
when an indifferent high-cost rival prepares, and any value in [p, 1] when an indifferent high-cost
rival may prepare with any probability.

The purchase impact is I, = P(1) — P(0), the sale impact is /- = P(0) — P(—1), and the price
gap P(1) — P(—1) = I, + I_ is the difference between the conditional execution prices of a unit
purchase and a unit sale. The model has no separate quote stage: each price is the competitive value
conditional on the order. The weighted impact difference is f(1)I, — f(-1)I_.

Under full two-sided trade, oy = 61 and o7 = 6_1, Lemma A.1(d) gives the posteriors (m, &, M)
after the orders (—1,0, 1), and

F()=b+ra,  FO)=1-2b-2, f(-1)=b+(1-n)A,

(A.20)
v=2b+4, E[X] =427 -1).
Subtracting the prior from each posterior gives
Ff(D)Y(M=n)=f(=1)(m—m) =n(l = n)A. (A.21)

The informed share of nonzero orders is # = A/v = u/(2 + u) at every prior. The posterior gap is
M—m=n(1-mAv/[f(1)f(=1)] <, with equality exactly at the prior 1/2, where M + m = 1
and ¢ = 2M — 1 = M — m. When & < 7, entry after a sale and after no order is p under both tie

rules for the rival.

Proof of the full-trade identities. Under full two-sided trade, class H places the orders (—1,0, 1)
with probabilities (b, 1-2b—A, b+1) and class L with probabilities (b+1, 1-2b—2, b). Averaging
with the weights r and 1 — 7 gives (A.20), and Lemma A.1(d) gives the posteriors. Bayes’ rule gives
f(1) M = m(b+A)and f(=1) m = b. Subtracting r £(1) from the first and  f (—1) from the second
gives f(N(M—n) =nr[b+A-f(1)] =n(1-n)dand f(=1)(n—m) = x[f(=1)=b] = n(1-7)A,
which is (A.21). Adding M — 7 and m — m, with f(1) + f(=1) = v, gives the posterior gap. With
u=2A/b,A/v=21/(2b+A) = u/(2 + u). The posterior gap is @ times 7(1 — 7)vZ/[f (1) f(=1)],
and

) (=D =a(l=an?=b>+ba+a(1-m)A2% —a(1-nm)(2b+2)*=b(b+ 1)(1-21)> >0,

with equality exactly at the prior 1/2, because b > 0. At the prior 1/2, M = (b+ A)/vandm = b/v,
soM+m=1and 2M — 1 = A/v. The entry gain is wr(u) = wp + Aru > Arpu, since wy > 0
(Appendix A.2), and is therefore positive at every u > 0. When 7 < 7, the posteriors after a sale

and after no order are m < 7 < 7, and Lemma A.2(d) gives entry p after both, with no posterior at 7.
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These steps use parts (a), (b) and (d) of Lemma A.1, which hold for every 8 < 1/2. O

Proposition A.10 (The price gap and the weighted test).

(i) Every trading pattern. In every equilibrium,

FL=f(=DI- = E[P(X)]-P(0) = e(0) At [ﬂ—,u(O)]+Z f(x) [e(x)=e(0)] wr(u(x)).

(ii) The weighted test. Under full two-sided trade,

(iii)

(iv)

FOL = fF(=DI- = f(1) [e(1) = e(O)] wr(M) = f(=1) [e(0) = e(=1)] wp(m).

If also m < 7, then

f(=1)
Ly — ——1_=[e(l) - p]wp(M),
f)
which is positive exactly when a purchase recruits, that is, exactly when e(1) > p, under both

tie rules for the rival.

Signs. Let full two-sided trade hold, and let an indifferent high-cost rival prepare. Entry after
the orders (—1,0, 1) and the weighted impact difference are:

Preparation threshold ~ Entry after (=1,0,1) f(1)1, - f(-1)I-

T<m (1,1,1) 0

m<t<nm (p,1,1) —(1=p) fF(=Dwg(m) <0
n<t<M (p.p. 1) (1-p) f(D)wp(M) >0
M<t (s p,p) 0

When an indifferent high-cost rival may prepare with any probability, the table holds for
T ¢ {m,m,M}. At Tt = M the weighted impact difference is [e(1) — p] fF(1) wg(M) > 0,
positive exactly when e(1) > p; att = mitis —[1—e(=1)] f(=1) wg(m) < 0, negative exactly
when e(—1) < 1. At T = r, full two-sided trade is an equilibrium with one entry e(0) € [p, 1]
after no order exactly when it is an equilibrium with every such entry, and as e(0) runs over
[p, 1] the weighted impact difference f(1) [1—e(0)] wr(M) - f(=1) [e(0) = p] wr(m) takes
every value from —(1 — p) f(=1) wr(m) to (1 — p) f(1) wg(M).

The price gap. Under full two-sided trade with m < T,

P(1) = P(=1) = pAr (M —m) + [e(1) = pl wp(M),  pAr (M —m) = —— I,

ey
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a class component and an entry component. If the trading margin px(n)Ar — k is positive,
with k() = min{m, 1 — M}, every equilibrium has full two-sided trade, under both tie rules
for the informed trader, whether or not the rival sees the price. If also m < T and the rival does
not see the price, its belief stays at m, entry is p after every order, the price gap is the class

component pAy (M — m), and the weighted impact difference is zero.
(v) The unweighted comparison. Under full two-sided trade with © < T,

x(1—-m)A%(1 - 2nx)
Q) fF(=1)

If t > 1/2, p < 1/2 and an indifferent high-cost rival prepares, then under full two-sided trade

I — I = pAr + [e(1) = p]l wr(M).

Iy > I_ exactly when 1 < T < M, that is, exactly when a purchase raises entry above its level

after no order.

(vi) Strength. Let F, be a path along which Ar rises strictly, hold the prior and the slot fixed, and

write w, = Wr, and Xr = XF,.

(a) For every belief u,
w0 =pF)+ [ (1= (1= 0GL0) - kG| [1 - ()] dy:
)4

the value of rescuing the sale when the incumbent misses the reserve, plus the value of
competition above the reserve. Fromr tor’ > r, the first term falls by p [ F,(p)—F,(p)] >
0, and the second rises by fpoo[l - (1 =wGL(y) = uGuW] [Fr(y) — Fr(y)]dy >
u [Ar(r") — Ap(r)]. The entry gain w,(u) rises from r to r’ exactly when the rise of the
second term exceeds the fall of the first.

(b) If the probability F,(p) that the incumbent misses the reserve is the same at every strength
of the path, w,(u) rises strictly in r for every u € (0, 1]. If F, is uniform on [0, r] with
r > p, then

d
E Wr(/J) -

where E,, takes 6 from (1 — u)G + uGp. So w,(u) rises strictly in r for every p when
p <min{f,r}/ V3, where 6 is the lowest value of the rival and r the lowest strength on
the path.

(c) Let an indifferent high-cost rival prepare, and let full two-sided trade hold at every
strength of an interval on which n < 7(r) and w,(M) rises strictly. Where y, = 1,

both components of the price gap, both impacts, the price gap and the weighted impact
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difference rise strictly with r. Where y, = 0, the entry component and the weighted impact
difference are zero, and the class component, both impacts and the price gap rise strictly

with r.

(d) The indicator y, is nonincreasing in r. Let also F,(y) be continuous in r at every y; then
the strengths with y, = 1 form a closed subset of the path. Let r¢ be a strength with
Xre = Land x, =0 for every r > rc, and let full two-sided trade and n < 7(r) hold on a
neighborhood of rc. When an indifferent high-cost rival prepares, P(1), 1, and the price
gap are continuous from the left at rc, and their right limits lie below their values at r¢
by (1 = p) w,.(M) > 0; the weighted impact difference falls by (1 — p) f(1) w,.(M) in
the same way; P(—1), P(0) and 1- are continuous at rc. When an indifferent informed
trader may mix over its best orders and an indifferent high-cost rival may prepare with
any probability, entry after a purchase at r¢ can take any value in [p, 1], and the price

gap at r¢ any value between its two one-sided limits.

Proof of Proposition A.10. By Lemma A.2(b), P(x) = to + e(x) wr(u(x)) after every order, in

every equilibrium and under both tie rules for the rival.

(1)

(ii)

(iii)

Since P(1)-P(0) = I, and P(—-1)-P(0) = -I_,E[P(X)]-P(0) = X, f(x) [P(x)-P(0)] =
f(1)I; — f(=1)I_. Every order has positive probability by Lemma A.1(a), so Bayes’ rule gives
>, f(x) u(x) = m, and since wr is affine, 3, f(x) wr(u(x)) = wr (). Hence

E[P(X)] - P(0) = Z Fx) e(x) wr(p(x) = e(0) wr(u(0)
= Z [ [e(x) = e(0)] wr(u(x)) +e(0) [wr(m) = wr(u(0))],

and wr(7) —wr(u(0)) = Ar [7 - u(0)].

Under full two-sided trade u(0) = 7, so the first term of (i) is zero, and the posteriors after
the orders 1 and —1 are M and m. The sum in (i) then has the two terms of the display. If
m < 7, entry after a sale and after no order is p by the standing paragraph, so the display equals
f(1) [e(1) = p] wr(M); dividing by f(1) > 0 gives the second display. Since wz(M) > 0
and e(1) > p, itis positive exactly when e(1) > p. No step uses the rival’s rule at a posterior

equal to 7.

Under full two-sided trade m < m < M. When an indifferent high-cost rival prepares,
Lemma A.2(d) gives e(x) = 1 when u(x) > 7 and e(x) = p otherwise, which is the entry
column. The display of (ii) gives the last column, and wg(m), wg(M) > 0 give the signs.
When an indifferent high-cost rival may prepare with any probability, Lemma A.2(d) differs
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@iv)

v)

only after an order whose posterior equals 7, so the table holds for 7 ¢ {m,n, M}. Att = M,
e(—=1)=e(0) =pande(l) € [p,1];atTt =m,e(0) =e(1) = lande(-1) € [p, 1]; the display
of (ii) gives the two values. At 7 =, e(—1) = p, e(1) = 1, and e(0) € [p, 1] is the rival’s
choice at the posterior 7. The posteriors do not depend on entry, and by Lemma A.3(d) entry
after the zero order enters no payoff of the informed trader, so the informed trader’s conditions
are the same for every ¢(0). Entry is nondecreasing in the posterior for every ¢(0) € [p, 1], so
the paragraph on constructed tuples in Appendix A.2 supplies the prices, the preparation rule
and the price beliefs, and (E3) holds at the posterior 7. Full two-sided trade is therefore an
equilibrium with one such e(0) exactly when it is an equilibrium with every such ¢(0). By (ii),
the weighted impact difference is f(1) [1 — e(0)] wrp(M) — f(=1) [e(0) — p] wr(m), which
is affine and strictly decreasing in e(0), with the value (1 — p) f(1) wg(M) at e(0) = p and
~(1=p) fF(=1) wr(m) at e(0) = 1.

With 7 < 7,e(-1) = e(0) = p, so
P(1) - P(-1) =e(l) wp(M) — pwp(m) = pAr (M —m) + [e(1) — p] wp(M).

Also I_ = p [wp(n) = wp(m)] = pAr (7 —m). By (A21), 7 —m = n(1 — )1/ f(-1), and
by the standing paragraph M —m = n(1 — m)Av/[f(1) f(=D], so M —m = (7 —m) v/ f(1),
which gives the second identity.

In the economy where the rival sees the price, Lemma A.3(c) bounds Ky and K; below by
pk(m)Ar in every candidate. Where the rival does not see the price, its belief is 7 after every
order, so it prepares with one probability e € [p, 1] after every order. Preparation is then
independent of the class and of the order, the competitive price is P(x) = to + e wp(u(x))
by the argument of Lemma A.2(b), and the payoffs of Lemma A.3 hold with e(x) = e. Its
bounds in part (c) use only e > p and the posterior bounds of Lemma A.1(b), so they hold
as well. In both economies, px(m)Ar > k gives Ky > k and K; > k in every candidate,
and Lemma A.3(a) and (b) make class H buy and class L sell with probability one, with no
indifference, under both tie rules for the informed trader.

Letalson < 7, with ahidden price. Gross profit at the belief 7is Bp () = cy+y(n—7) < cg, s0
the high-cost rival abstains, and entry is p after every order. The orders are full, the posteriors are
(m,m,M),and P(x) = to+p wr(u(x)). The price gapis p [wg(M)—wgr(m)] = pAr (M —m).
The computation of (i) and (ii) uses only this price formula, Bayes’ rule and full two-sided

trade, so with e = p it gives a zero weighted impact difference.

Withn < 7, I, = e(l)wp(M) — pwp(n) = pAr (M — ) + [e(1) — p]wp(M) and I_ =
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pAr (1 —m). By (A.21),

f(=1) = (1)
fO)f-1 "’

and f(=1) = £(1) = A(1 = 27) by (A.20). This gives the formula.

M-n)—(r—m) =n(1l-n)A

Let 7 > 1/2, p < 1/2, and let an indifferent high-cost rival prepare. Then f(1) > f(-1), and
(A.21) gives M — m < m — m. Take the rows of the table in (ii1).

e 1 <7< M,entry (p,p,1). The formula with e(1) = 1 and wg(M) = wp + Ar M gives
ILi—1-=(—-p)wr+Ar (M —2pn+pm). Since p < 1/2, M —2pn > M — > 0, and
wrp>0,s01, >1_.

* M < 71, entry (p, p, p). The formula gives I, — I = pAr [(M —7) — (r —m)] <O0.
e 7 <m,entry (1,1,1). Thenl, =Ar (M —n)and I- = Ay (mn —m),so [, < I_.

em <7< mentry (p,1,1). Then I, = Ay (M —n) and I- = wp(n) — pwp(m) =

PAr (m—m)+(1—p)wp(n). Hence I, —I- < (1 -p)Ar (m—m) — (1 —p)wp(n) <0,
because wg(m) > Apmt > Ar (m — m).

So I, > I_ exactly in the row 7 < T < M, the only row in which e(1) > ¢(0).
(vi) The prior and the slot are fixed, so M, m, f(x) and v do not depend on .

(a) Under the class ranking G ;(p~) = 0, and Appendix A.1 gives w; =t; —ty = pF(p) +
/poo[l - Gj(y)][1 - F(y)] dy. Averaging with the weights 1 — u and u gives the display.
Along the path F,» < F,, which gives the change of the first term. The integrand of the
change of the second term carries 1 — (1 — )Gy — uGgyg = 1 -G + uD > uD, and
Lemma A.5 gives /pOO[F,(y) — F.(y)] D(y)dy = Ar(r") — Ar(r). The last sentence
compares the two changes.

(b) If F,(p) does not depend on r, the first term does not change, and by (a) the second
rises by at least u [Ar(r’) — Ar(r)] > O for u > 0. Let F, be uniform on [0, r] with
r > p, and write G_# (y)=1-=(1-=w)Gr(y) — uGg(y), the probability that 6 > y under
(1- ,u)GL + uGpg. Then
2

ww ="+ [ -G, ay.
r r p

The function r +— fpr(r - y)(_?,l (y)dy = fpr fpz G” (y) dy dz has the continuous derivative

131



(c)

(d)

fpr G, (y) dy, so w,(p) is differentiable in r, with

d p? rfpr G_#(y) dy—fpr(r—y)éﬂ(y) dy ~ fpry(_?y(y) dy — p?

Ewr(:u) = _r_2 +

2 2

Every value of the rival is at least p, so G, = 1 below p, and E, [min{6, r}?]
2y Gu(y)dy = p* + prr yG,(y) dy. This gives the formula. On the path r >

and every value satisfies 0 > 6, so min{6, r} > min{6,r} > V3 p, and the derivative is

IS

b

positive.

Under the preparing rule, Lemma A.2(d) and 7 < 7(r) give entry (p, 0, p + (1 — p) xr)
after the orders (—1,0, 1), because B,(M) > cy exactly when M > 7(r). By (iv)
and (v), the class component pAr(r)(M — m) and the sale impact pAr(r)(m — m)
rise strictly with Ay. The entry component is (1 — p) x, w,(M), the purchase impact
is pAr(r)(M — ) + (1 — p)x, w,(M), and by (ii) the weighted impact difference is
(1 =p)x,r f(1)w,(M). Where y, = 1 each of these rises strictly, because w, (M) does;
where y, = 0 the entry component and the weighted impact difference are zero, and the

class component, both impacts and the price gap rise strictly with Ar.

Each g; is nonincreasing along the path (Lemma A.5), so B.(M) = (1 — M)g.(F,) +
Mg (F;) is nonincreasing, and /- is nonincreasing. In g;(F,) = /poo F,()[1-G;(y)]dy
the integrand is bounded by 1 — G, which is integrable because G has a finite mean;
when F,(y) is continuous in r, dominated convergence makes B, (M) continuous in r,
and {r : B,(M) > cp} is closed in the path. In the same way, the display of (a) makes
w, () continuous in r, and 7o = p[1 — F,(p)] is continuous in r. At r¢, continuity and
B.(M) < cy forr > rc give B,.(M) = cy, thatis M = 7(r¢).

On the neighborhood of r¢, P(—1) = tg+p w,(m) and P(0) = ty+p w, () are continuous
in r, and so is /_. When an indifferent high-cost rival prepares, e(1) = 1 for r < r¢ and
e(l1)y =pforr >rc,s0 P(1) =ty + e(1) w,(M) is continuous from the left at r¢ and its
right limit is lower by (1 — p) w,.(M) > 0; I, and the price gap move with P(1), and by
(i) the weighted impact difference £(1) [e(1) — p] w, (M) falls by (1 — p) F(1) w,.(M).
When an indifferent high-cost rival may prepare with any probability, the posterior after a
purchase at r¢ equals 7(r¢), so (E3) allows every e(1) € [p, 1]. The class L conditions
and the posteriors do not depend on e(1). On the right of r¢, full two-sided trade has
entry p after a purchase, so the purchase margin pAr(r)(1 — M) — k is nonnegative
there; its limit pAr(r¢)(1 — M) — k is nonnegative as well. At r¢ the purchase earns
e(1)Ar(re)(1 — M) — k, which is positive for every e(1) € (p, 1] and nonnegative at

e(1) = p, where an indifferent informed trader who may mix buys with probability one.
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The paragraph on constructed tuples in Appendix A.2 completes each tuple. The price
gap at r¢ is pAr(rc)(M —m) + [e(1) — p] w,. (M), affine in e(1), and it takes every

value between its two one-sided limits. O
Proposition A.11 (What order counts and prices identify). Let full two-sided trade hold.
(a) A known prior other than 1/2. If 7 # 1/2 is known, the counts identify the slot:

_ E[X] v—2A 5= v—2A A
S 2n-1 27 C2(1-2)

A

Over independent order opportunities, the mean order divided by 2 — 1 estimates A without
bias, with variance (v — E[X]z)/(2ﬂ' — 1)? divided by the number of opportunities. If also
n < T, the sale impact identifies pAr = f(=1)I_/[x(1 = n)A].

(b) The prior 1/2. At the prior 1/2 the order distribution is (v/2,1 —v,v/2), so the counts identify
v and no other function of the slot. A share 9’ € (0, 1) belongs to exactly one pair (X', 5") with
the volume v, namely I’ = vi¥ and B’ = v(1 — ) /[2(1 — v¥)], and this pair is a slot of the
model, ' < 1/3, exactly when 9’ >3 —2/v. Let T > 1/2. Under full two-sided trade at this
slot, entry is p + (1 — p)(v/2) 1{(1 + 9") /2 > 1} when an indifferent high-cost rival prepares.
Full two-sided trade at this slot is an equilibrium exactly when ¥ < 1 = 2k/(pAr) if an
indifferent informed trader may mix over its best orders, and exactly when ¢ < 1 — 2k /(pAr)

if an indifferent informed trader abstains.

(c) The sale price. If entry after a sale and after no order is p and pAr is known, the sale impact
gives m(1 —m)A = f(=1) I_/(pAr), and with the counts

_2f(-D L 2f(=1)1_\2 1 E[X]
(- HCL +\/( DLV oy, - L1+ 22

and then b and B as in part (a). At the prior 1/2, 1 = 4f(=1)I1_/(pAr) and & = 2I_](pAr).
Proof of Proposition A.11. Let full two-sided trade hold. The counts are the order distribution f.

(a) By (A.20), v = 2b + A and E[X] = A(27 — 1). With © # 1/2 known, these give A, then
b=w-2)/2,8=>b/(1-2)and & = A/v. The order X takes values in {-1,0, 1}, so
X% = 1{X # 0}, E[X?] = v and the variance of X is v — E[X]?. The mean of a sample
of independent orders, divided by 27 — 1, has mean A and variance (v — E[X]?)/(27 — 1)?
divided by the sample size. If also m < 7, entry after a sale and after no order is p, so
I_ = p[wp(n) = wp(m)] = pAr (7 — m), and (A.21) gives I_ = pArn(1 — m)A/f(=1).

Solving for pAr gives the formula.
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(b) At the prior 1/2, (A.20) gives f(«£1) = b+ /2 = v/2 and f(0) = 1 — v, so the order
distribution is a function of v alone. Given v and ¥, the equations A’ = v and 20" + I’ = v
give b’ =v(1 —9)/2and B/ = b'/(1 =) =v(1 —4)/[2(1 —vi#)], a unique pair. Since
v=1-f(0)<1,0<A <1and B > 0. The inequality 8 < 1/3is 3v(1 — ') <2(1 —v¥),
thatis vi¥’ > 3v — 2, thatis ¥’ >3 - 2/v.

At this slot and the prior 1/2, M’ = (1 +1’)/2 and m" = (1 — ") /2 by the standing paragraph.
Let 7 > 1/2. Under full two-sided trade, the posteriors after a sale and after no order are
m’ < 1/2 < 7, so entry after them is p, and when an indifferent high-cost rival prepares, entry
after a purchase is one exactly when M’ > 7 and p otherwise. Weighting by f(1) = v/2
gives the entry formula. By Lemma A.3, the sale earns K; — k = pArm’ — k, and the
purchase earns Ky — k = e(1)Ar (1 = M’) — k > pApm’ — k, because 1 — M’ = m’ and
e(1) > p. Wrong-signed orders never pay. When an indifferent informed trader may mix over
its best orders, full orders are optimal exactly when K; > k and Ky > k, that is exactly when
pA7(1—19")/2 > k; when an indifferent informed trader abstains, the two inequalities are strict.
The first condition is ¥ < 1 — 2k /(pAr), and the second the same with strict inequality. The
paragraph on constructed tuples in Appendix A.2 completes the tuple under either tie rule for

the rival, so these are also the conditions for an equilibrium.

(c) With entry p after a sale and after no order, I- = pAr (m — m), and (A.21) gives g :=
F(=1)I_/(pA7) = (1 = m)A. Since 2n — 1)?> =1 —4n(1 - 1),

E[X]? = 22Q2n — 1)? = 2> — 442, so  A>-4¢gA-E[X]*=0.

Since ¢ > 0, the product of the two roots is —E[X]? < 0 and their sum 4 is positive, so exactly
one root is positive, 4 = 2¢g + W, which is the display. Then 27 — 1 = E[X]/A,
and part (a) gives b and B from v and A. At the prior 1/2, E[X] = 0, so 1 = 4¢q, and
9 = A/v =2I_/(pAr) because f(-1) = v/2. O

Corollary A.3 (Counts under purchases only). Take an equilibrium in which class L abstains and
class H buys with probability oy (1) > 0, and write s+ = Aoy (1).

(a) Then f(=1) = b, f(1) = b+ nsy, E[X] = nsy and v = 2b + ns,. At every prior, the counts
identify b = (v —E[X])/2 and the share B[ X] /v of nonzero orders that the informed trader
places. At a known prior they identify s, = B[ X]/n; if class H buys with probability one,
A =E[X]/n.

(b) Suppose that an indifferent informed trader may mix over its best orders and that class H
mixes, 0 < og(1) < 1. Forevery A’ € [sy,1 = 3b], the slot (', B) with B’ = b/(1 = A'), with
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Pro
the

(a)

(b)

oy, (1) = 54/A" and with class L abstaining, has an equilibrium with the same class-conditional
order distributions, and so the same posteriors, prices, entry and acquisition probabilities. The
counts therefore identify b and, at a known prior, s, even with the prices, they do not identify
A. On a mixed purchase, the indifference of class H gives sy = (b/m) [e(l)(l —-m)Ar/k — 1],
which is (b/ ) [(1 —n)Ar/k — 1] when every rival prepares after a purchase.

of of Corollary A.3. By Lemma A.3(a) no class places a wrong-signed order, so class H places

order 0 with probability 1 — oy (1). The class-conditional order distributions on (—1,0, 1) are
fa=(b,1-2b—-s4, b+s,), fo=(b,1-2b,b).

Averaging with the weights 7 and 1 — & gives f(—1) = b and f(1) = b + ns;, so E[X] = 7s,
and v = 2b + ns,.. Hence b = (v — E[X])/2. The informed trader places a nonzero order
with probability s, = E[X], so its share of nonzero orders is E[X]/v. At a known prior,
s+ =EB[X]/n,and sy = A when oy (1) = 1.

The original slot has 8 < 1/3, thatis 4 < 1 —3b, and s, = Aog(1l) < 4, so the segment
[s+, 1 —3b] is nondegenerate and contains A. Take A" in it. Then 8/ = b/(1 — A’) lies in
(0,1/3] because 1 — A" > 3b, the liquidity mass is (1 = 2")" = b, and 0, (1) = 54/’ lies in
(0,1] because A’ > s.. The class-conditional order distributions of this slot are fy and f;.
above, since they depend only on b and s,. By (A.3) the posteriors are the same, so keep the
original entry e(x) after each order: it meets Lemma A.2(d) at these posteriors under either
tie rule for the rival. Prices 7y + e(x) wr(u(x)), the preparation rule and the price beliefs
are then the same as well. The payoffs of Lemma A.3 depend only on posteriors and entry,
so they do not change, and by Lemma A.3(d) the factor A’ changes no comparison. In the
original equilibrium class H mixes, so the purchase and abstention are its two best orders,
and an indifferent informed trader who may mix over them can buy with probability o7, (1);
abstention stays optimal for class L. So the slot (1’, 8’) has an equilibrium with the same order
distributions, posteriors, prices and entry, and by Proposition A.12(i) the same acquisition
probability e(x) Wr(u(x)) after each order. The counts and the prices are therefore the same

at every A’ in the segment; part (a) gives b and, at a known prior, s,.

On a mixed purchase, class H is indifferent, Ky = e(1)Ar [1 — u(1)] = k, with 1 — u(1) =
(1 —=m)b/(b + nsy) by Bayes’ rule. Solving e(1)Ar(1 — )b = k (b + ns,) for s, gives the

formula, and e(1) = 1 gives its second form. O

Let 1pep and 1,¢q indicate that the rival prepares and that it acquires the target. For a class j,

W;(F) = Pr(R < 0) with 8 drawn from G is the probability that a prepared class-j rival outbids

the

incumbent. Write Q(F) = Wy (F) — Wi (F) and Wg(u) = Wi (F) + u Q(F).
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Proposition A.12 (Orders predict the winner).

(i) In every equilibrium, the probability that the rival acquires the target after the order x, given
preparation, is Wp(u(x)), and E[1aeq | X = x] = e(x) Wp(u(x)). Also Q(F) = EF[D(R)] >
0, and Q(F) > 0 exactly when Prg{D(R) > 0} > 0.

(ii) Under full two-sided trade, Wg(M) — Wr(m) = (M — m) Q(F) > 0, positive exactly when
Prg{D(R) > 0} > 0. The prices rise strictly with the order, so the win probability of a prepared
rival rises with the price, strictly when Prg{D(R) > 0} > 0.

(iii) Under full two-sided trade with < T,

Cov(X, 1prep) = [e(1) - p] ]F(l) (1-E[X]),
Cov(X, Laeq) = 27(1 = m)pA Q(F) + [e(1) — p] (1) (1 = E[X]) Wr(M).

If Bp(M) < cp, entry is p after every order, Cov(X,1pep) = 0, and Cov(X, lyq) =
27 (1 — m)pAd Q(F), which is positive exactly when Prg{D(R) > 0} > 0.

(iv) Under full two-sided trade with n < T,

E[1a<:q | X =1] _ZE[lacq | X =0] +E[1acq | X = —1]
=p (M +m—=21)Q(F) + [e(1) — p] Wr(M).

At the prior 1/2, M + m = 1 = 2xn. If also an indifferent high-cost rival prepares, then
Cov(X,1aeq) = pAQ(F)/2+ (1 — p) xF F(1) We(M), and the second difference equals

(1 = p) xp Wg(M), which is positive exactly when a purchase recruits.

(v) Let F, be a path, hold the prior and the slot fixed, and let class H always outbid the incumbent:
Wy(F,) = 1 at every strength. At strengths with full two-sided trade, the winner gap
Wg (M) = Wg (m) = (M —m) [1 = W(F,)] is nondecreasing in r, and it is larger at r’ than
atr < r’ exactly when Wy (F,) < Wi (F}).

(vi) If F, is uniform on [0,r] with r > p, then Q(F,) = I'(r)/r, and its right derivative in r is
[D(r) — Q(F,)]/r. So Q(F,), and with it the full-trade winner gap (M — m) Q(F,) at a fixed
prior and slot, is nondecreasing on an interval of strengths exactly when D(r) > Q(F,) at
almost every strength of the interval, and it rises strictly on an interval where D (r) > Q(F}) at

almost every strength.

Proof of Proposition A.12. (1) By Step O of the proof of Lemma A.2, given the class j and the
order x the rival prepares with probability e(x), independently of (6, R). Preparation therefore
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(ii)

(111)

(iv)

v)

leaves the class posterior at u(x), and given the class it leaves (6, R) at its prior distribution. Bids
are truthful by (E6), and every value meets the reserve, so a prepared rival acquires the target
exactly when R < 6; ties have probability zero because F' is continuous. Given the class j and
preparation, it acquires with probability W;(F), and given preparation alone with probability
(1 = u(xX)WL(F) + u(x)Wg(F) = Wg(u(x)). Without preparation it does not acquire, so
E[lacq | X = x] = e(x) Wr(u(x)). AlsoW;(F) = [ Prj(6 >y)dF(y) = [[1-G,;(y)] dF(y),
since Pr;(6 > y) and 1 — G (y) differ at countably many y, which F' does not charge. Hence
Q(F) = f [GL(y)-Gu(y)]|dF(y) = EF[D(R)]. The class ranking gives D > 0,s0 Q(F) > 0,
with Q(F) > 0 exactly when D(R) > 0 with positive probability.

Under full two-sided trade the posteriors after a purchase and a sale are M and m, and Wr is
affine with slope Q(F), so Wg (M) —Wg(m) = (M —m) Q(F), with M > m. By Lemma A.2(e)
the prices rise strictly with the posterior, so P(—1) < P(0) < P(1), and the win probability
Wr(u(x)) of a prepared rival is a nondecreasing function of the price, strictly increasing when
Q(F) > 0.

For any indicator Y, Cov(X,Y) = Cov(X,E[Y | X]). With 7 < 7, entry after the orders
(=1,0,1) is (p,p,e(1)), so E[1pep | X] = p + [e(1) — p] 1{X = 1}. For any number c,
Cov(X,c1{X =1}) = c[f(1) —=E[X] f(1)] = ¢ f(1) (1 = E[X]), which gives the first line.
By (1), E[Lacq | X1 = p Wr(u(X))+[e(1)—p] Wp(M) 1{X = 1}, and Cov(X, p Wr(u(X))) =
p Q(F)Cov(X, u(X)). Since u(X) = Pr(H | X), E[Xu(X)] = E[X1{j = H}] = nE[X |
H] = nA under full two-sided trade, so Cov(X, u(X)) = 71 — A2n — )n = 2x(1 — n)A.
Adding the two terms gives the second line. If Bp(M) < cy, then M < 1, every posterior lies

below 7, entry is p after every order, and e(1) = p in both lines; positivity follows from (i).

By (i), with entry (p, p, (1)) and posteriors (m, 7, M), the second difference is e(1)Wg (M) —
2pWg(n) + pWe(m) = p [Wp(M) = 2Wp () + Wr(m)] + [e(1) — p] Wp(M), and Wg (M) -
2Wg () + Wg(m) = (M + m — 2x) Q(F) because Wr is affine. At the prior 1/2, M + m =1
by the standing paragraph and E[X] = 0. When an indifferent high-cost rival prepares,
e(l) = p+ (1 - p)xr, because Bp(M) > cy exactly when M > 7. Substituting in (iii) and
in the second difference gives the two expressions. If yr = 1, then (1 — M)g; + Mgy =
Bp(M) > cy > 0, so some class has positive profit E; [ (6 — max{p, R}),], which is positive
only when Pr(R < 6) > 0; that class has W;(F) > 0, and Wr (M), which puts positive weight
on both classes, is positive. So the second difference is positive exactly when yr = 1, that is,

exactly when a purchase recruits.

With Wy (F,) = 1, Q(F,) = 1 — W, (F},), and (ii) gives the winner gap. Since W (F,) =
E.[F,(0)] and F,» < F, for r’ > r, W is nonincreasing along the path. The prior and the
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slot are fixed, so M —m > 0 is fixed, and the gap at ’ exceeds the gap at r exactly when
WL(Fr’) < WL(FI‘)'

(vi) Write I'(x) = fp “D(y) dy for x > p, the class difference in expected proceeds at the incumbent
value x (Appendix A.1). Under the class ranking Gy = G = O below p, so D = 0 there, and for
the uniform distribution on [0, 7] with r > p, Q(F;) = Er,. [D(R)] = %/Or D(y)dy =T(r)/r.
Since D is right-continuous, I" has the right derivative D (r), and the quotient rule gives the
right derivative [rD(r) — T'(r)]/r? = [D(r) — Q(F,)]/r. Since 0 < D < 1, " is Lipschitz,
so Q(F,) is absolutely continuous on every compact interval of positive strengths, and its
derivative equals [D(r) — Q(F,)]/r at every continuity point of D, hence almost everywhere,
because D is a difference of two monotone functions. An absolutely continuous function is
nondecreasing on an interval exactly when its derivative is nonnegative almost everywhere
there, and it rises strictly where its derivative is positive almost everywhere. The prior and the
slot are fixed, so the full-trade winner gap (M — m) Q(F,) inherits both properties. O

Add a public event after the price that reveals only whether the rival prepared, and nothing else.

Market makers then price again.

Proposition A.13 (Announcement returns). Take any equilibrium, at any prior, under either tie rule

for the rival.

(i) After the order x, the price changes by Al = [1 — e(x)] wp(u(x)) when the event reports
preparation, and by A = —e(x) wr(u(x)) when it reports no preparation. The second report

has positive probability exactly when e(x) < 1.

(ii) After an order x with e(x) < 1, the mean change over both reports, with their probabilities, is

zero.

(iii) Pool all orders, and take the sample of preparation reports. Its mean price change is

o f() e() [1 - e(x)] wr(u(x))
Yo f(x) e(x)

2

Z Pr(X = x | preparation) Al =
X

which is positive exactly when entry is below one after some order, that is, exactly when

preparation is uncertain. If Bp(r) < cy, entry is p after some order, and the mean is positive.

(iv) The expected price before the order opportunity minus the price after no order is the weighted im-
pact difference, E[P(X)]-P(0) = f(1)1,— f(=1)I_, which parts (i) to (iii) of Proposition A.10

evaluate. Under full two-sided trade the posterior after no order is the prior.

Proof of Proposition A.13. After the order x, the event reveals whether the rival prepared, and the

market makers price at the expected value of the target given the order and the report.
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(@)

(ii)

(iii)

(iv)

By the proof of Proposition A.12(i), preparation leaves the class posterior at u(x) and,
given the class j, leaves (6, R) at its prior distribution. With truthful bids (E6), expected
proceeds in class j after preparation are f;, so the price after a report of preparation is
(1 = u(x))tp + u(x)ty = to + wr(u(x)). Without preparation the target receives the proceeds
without entry, with mean ¢ in both classes. Subtracting P(x) = to + e(x) wr(u(x)) gives Al
and AY. Given the order x, the report of no preparation has probability 1 — e(x), which is

positive exactly when e(x) < 1.

Whene(x) < 1, e(x)Ay+[1-e(x)]AY = e(x) [1-e(x)] wr(u(x)~[1-e(x)] e(x) wr(u(x)) =
0.

The probability of the order x given preparation is f(x)e(x)/Y, f(x")e(x’), which gives the
display. Every order has f(x) > 0 by Lemma A.1(a), entry e(x) > p > 0, and an interior
posterior, so wg(u(x)) > 0. Every term of the numerator is therefore nonnegative, and the
numerator is positive exactly when e(x) < 1 after some order. Every order has positive
probability, so this is exactly when preparation is uncertain. If Bp(7) < ¢y, Bayes’ rule and the
affine form of By give 3, f(x) Bp(u(x)) = Bp(m) < cy, so some order has Br(u(x)) < cy,
that is u(x) < 7, and Lemma A.2(d) gives e(x) = p < 1 after it, under both tie rules for the

rival.

The identity is part (i) of Proposition A.10, which holds in every equilibrium. Under full
two-sided trade, Lemma A.1(d) gives u(0) = . O

The example. Take the example at the prior 1/2: the incumbent is uniform on [0, r], the classes

are point masses at h and €, and the slot lies in the band T(r1) < M < 7(ry) of Corollary 1. Unless

a part names another tie rule, an indifferent informed trader may mix over its best orders and an

indifferent high-cost rival prepares. The numbers are those of the example’s slot.

(a)

(b)

Full two-sided trade. For 1 < r < h, B,(1/2) = 5—-r/4+ 1/(8r) < cy, so t(r) > 1/2.
The strength rs solves pAr(rym = k: rs = t(k/(pm)) with k/(pm) = 0.297463, and
rs = 2.124148. For rs < r < h, every equilibrium has full two-sided trade, under both tie
rules for the informed trader and both tie rules for the rival, whether or not the rival sees the
price. Its posteriors are (m,1/2, M); its order frequencies are f(+1) = b + 1/2 = 0.363676
and f(0) = 1 —2b — A; its volume is v = 0.727352; E[X] = 0; and the informed share is
P =M—-m=0.462117. By Lemma A.1l,rs <r; <rc <r» < h,andrc —rs = 1.468510.

Recruitment and entry. The top profit B,(M) falls strictly in r for r > €, equals OM + 3/8 at
r = {, and lies below cy at r = h. In the band, M > t(ry) = 141/200 > 5/8, so the entry

ceiling r¢ is the unique strength with B,(M) = cy, and x, = 1 exactly when r < rc. When an
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(c)

(d)

(e)

(f)

indifferent high-cost rival prepares, entry after the orders (—1,0,1) is (p, p,p + (1 = p)x») on
(rs, h), and entry is p + (1 — p) x» (b + 1/2). From r(y, where the orders are zero and entry
is p, to ry, entry rises by (1 — p)(b + 1/2) = 0.272757. With a hidden price, entry is p after

every order.

The price gap. Here w, () = 1/2 = 1/(87) + Ar(r) u with Ar(r) = (r — 1)?/(2r), and both
1/2 — 1/(87) and Ar(r) rise strictly in r for r > €; also, for r > €, min{¢,r}*> — 3p? =
> —3p* = 1/4 > 0, the condition of Proposition A.10(vi)(b). At the prior 1/2, f(1) = f(=1),
and the weighted test reads 1, — I- = (1 — p)x, w,(M), so I, > I_ exactly when r < r¢.
On (rs,rc), both components of the price gap, both impacts, the price gap and the weighted
impact difference rise strictly with r. On (rc, h), the entry component and the weighted
impact difference are zero, and the class component, both impacts and the price gap rise
strictly. At ry the class component is 0.077020 and the entry component 0.709279, so the
price gap is 0.786299, of which the entry component is 90.2%; the weighted impact difference
E[P(X)] — P(0) is 0.257948. With a hidden price, the price gap at r is the class component
0.077020. At r¢ the price gap falls from 0.969913 to 0.108078, by 0.861835, and at r; it is the
class component 0.108469. When an indifferent informed trader may mix over its best orders
and an indifferent high-cost rival may prepare with any probability, entry after a purchase at

rc can take any value in [p, 1], and the price gap at r¢ any value from 0.108078 to 0.969913.

Identification. The counts identify only the volume. When an indifferent informed trader may
mix over its best orders, the informed shares that the counts and full two-sided trade at ry
allow form the interval from 3 —2/v =~ 0.250299 to 1 — 2k /(pAr(r1)) = 0.760000, both ends
included; when an indifferent informed trader abstains, the right end is excluded. At r the
right end is 0.829586. The shares with strict recruitment at ry and strict exclusion at r, form
the band (27(r1) — 1, 27(rp) — 1) = (0.410000, 0.462784). Each share in the band belongs
to a slot with the example’s counts and the same entry at ry and at ry, and full two-sided trade
is the unique outcome of that slot at both strengths. The slot with share 0.444444 is one of
them; its price gap at ry is 0.778935, against 0.786299. On (rs, h) the sale impact identifies
the share, 9 = 21_/(pAr(r)).

Purchases only. A full purchase with class L abstaining is an equilibrium exactly on
[rF,rn], and a mixed purchase that recruits is an equilibrium on (ra,rr), each beside an
uninformative market (Corollary 2). On [rg,ry] the counts identify A = 2E[X]. On (ra,rF),
s+ = b [Ar(r)/k — 2], and the counts and the prices do not identify A.

Winners. For € <r < h, Wy =1, Wy =€/r and Q = 1 - {/r, so a prepared rival wins after
the order x with probability u(x) + [1 — u(x)] €/r. Under full two-sided trade the winner gap
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P (1 = €/r) rises strictly with r: class H always outbids the incumbent and Wy, falls strictly,
and D(r) —=Q ={/r >0 for  <r < h, whichis 1/3 at r; and 5/18 at r. The winner gap
is 0.308078 at ri and 0.333751 at r. The covariance of the order with entry is 0.272757
at ry and zero at ry. Its covariance with a win by the rival is 0.251863 at ry, the class term
pAQ/2 = 0.028010 plus the recruitment term 0.223853, and 0.030344 at r;, the class term
alone. The second difference of the win probability across the orders is 0.615529 at ry and

zero at ry.

(g) Announcements. Since B,(1/2) falls inr, cy — B,(1/2) > ¢y — B,,(1/2) = 1.195833 for
every r > ro, so a sample of preparation reports has a positive mean price change in every
equilibrium at every such strength. At r| the mean is 0.160592; the expected price before the
order opportunity is 0.872531, and the price after no order is 0.614583, lower by 0.257948.
At ry the mean is 0.701042, and the price after no order equals the expected price.

(h) Two clusters. Let rp < r < ry, sor < rc. When an indifferent informed trader may mix
over its best orders and an indifferent high-cost rival prepares, Corollary 2 gives exactly two
equilibria: an uninformative market, and a full purchase with class L abstaining. In the second,
f(1)=b+21/2and f(-=1) = b, so E[X] = 1/2 = 0.168061. The posterior after a sale is 1/2,
and after no order itis u(0) = (1-2b-2)/(2—-4b—-2), with 1/2 - u(0) = 2/[4(1-v)] >0
for the volume v = 2b + /2 of this equilibrium. Both orders have entry p, so P(—1) — P(0) =
PpArA/[4(1 = v)] > 0, which is 0.005363 at r = 1.60; after a purchase every rival prepares.
In the uninformative market the three prices coincide and entry after a purchase is p. When an
indifferent high-cost rival may prepare with any probability, the threshold pair adds a third
equilibrium: at r = 1.60, class H buys with probability 0.492845, entry after a purchase
is 0.506106, the mean order is 0.082828, the low-class sale earns —0.005938, and entry is
0.321311.

Proof of the statements on the example. Atthe prior 1/2,1 =M =m, so k(1/2) = m, and f(x1) =
b + A/2 under full two-sided trade. For p < € < r < h, Appendix A.l gives

52_p2 _ r pz {;z_pz
2r 2r

(r— {’)2
2r

l0=P(1—§), t=0— Ar(r) =

and Ar is zero at £ and strictly increasing above .

(a) Gross profit at the prior is B,(1/2) = (gu + g1)/2 = h/2 — r/4 + (€* — 2p?)/(4r), which
is 5—r/4+ 1/(8r) at the example’s values. It falls strictly in r, and at r = ¢ it equals
h/2 — p?/(2€) < h/2 < cp, s0 B.(1/2) < cy for £ < r < h. There y = gy — g1 =
h—r/2—-€2/(2r) > h—r > 0,s07(r) > 1/2. The strength ry is the unique strength above £
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(b)

()

(d)

at which pA7(r) m = k, and for r > rg, px(1/2)Ar(r) = pmAz(r) > k. Proposition A.10(iv)
gives full two-sided trade in every equilibrium for rg < r < h, under both tie rules for the
informed trader, whether or not the rival sees the price; the rival’s rule enters no step. The
standing paragraph at the prior 1/2 gives the posteriors, the frequencies, the volume, the mean

order and the share. Lemma A.11 givesrg <ry <rc <rp,andry < h.

By Appendix A.1, 0B, (u)/0r < 0 for every u when £ < r < h, so B, (M) falls strictly there. At
r=10g1=*-p?/(2t) and gy = h— /2 - p?/(2(), which give 9M +3/8 at the example’s
values; it exceeds cy exactly when M > 5/8. Atr = h, B,(M) < gy = h/2 — p*/(2h) <
h/2 < cy, because g7 < gy and M < 1. In the band, M > 7(r;), and 7(ry) = 141/200 > 5/8.
So B, (M) crosses cy once on (€, h), at r¢. Since B, (M) is nonincreasing in r at every strength
(Proposition 1(a)), x, = 1 exactly when r < r¢. On (rg, h), the posteriors after a sale and
after no order are m < 1/2 < 7(r), so entry after them is p, and when an indifferent high-cost
rival prepares, entry after a purchase is p + (1 — p) x,, because B,(M) > cp exactly when
M > 7(r). Weighting by the frequencies gives p + (1 — p) x, (b + 1/2). At rg, Corollary 1
gives an uninformative market with entry p; at r1, y,, = 1. With a hidden price, entry is p

after every order by Proposition A.10(iv), because 1/2 < 7(r).

The entry gain against r is w,(u) = t; — to + Ap(r)u, witht;, —tg = € — p — (€2 = 3p?)/(2r),
which is 1/2 — 1/(8r) at the example’s values. Since £? — 3p? > 0 and Ar rises strictly above
¢, both terms rise strictly. On a path of strengths in (¢, i), the lowest value of the rival is
¢ and the lowest strength lies above ¢, so £ — 3p% > 0 is the condition p < min{6, r}/V3
of Proposition A.10(vi)(b). At the prior 1/2, f(1) = f(=1), so Proposition A.10(ii), with
1/2 <7(r), gives I, —I_ = [e(1) —p]w, (M) = (1 —-p)x, w,(M) by (b), and I, > I_ exactly
when y, = 1. On (rg, h) full two-sided trade holds, 1/2 < 7(r), Ay rises strictly and w, (M)
rises strictly, so Proposition A.10(vi)(c) applies on (rs,rc], where x, = 1, and on (r¢, h),
where y, = 0. By Proposition A.10(iv) and (ii), at r| the class component is pA7(r;), the entry
component is (1 — p) w,, (M), and the weighted impact difference is (1 — p)(b +1/2) w,, (M);
with a hidden price the price gap is the class component. The uniform distributions have
F,(y) = min{y/r, 1}, continuous in r, and (rg, k) is a neighborhood of r¢ on which full
two-sided trade and 1/2 < 7(r) hold, so Proposition A.10(vi)(d) gives the fall (1 — p) w,.(M),
from pAr(rc)d + (1 — p) wy. (M) to pAr(rc)d. Atry > re, xr, = 0. When an indifferent
high-cost rival may prepare with any probability, the last part of Proposition A.10(vi)(d) applies,
with an indifferent informed trader who may mix. Substituting the example’s slot in these

expressions gives the values stated in (c).

Since 7(r) > 1/2 at r; and r;, Proposition A.11(b) applies at both. It gives the left end
3 — 2/v from the counts, and the right ends 1 — 2k/(pAr(r1)) and 1 — 2k/(pAr(rp)) from
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full two-sided trade at each strength, both included when an indifferent informed trader may
mix and the right end excluded when an indifferent informed trader abstains. At the prior 1/2,
a slot with share ¥ has M’ = (1 + ¢#')/2. Strict recruitment at r; is M’ > 7(r;), and strict
exclusion at r, is M’ < 7(r;); together they are the band. Its left end exceeds 3 — 2/v: the
inequality 27(r;) =1 >3 -2/visv <2/[4 = 27(r1)] = 200/259, and the example’s volume
lies below this bound by 0.044849. So Proposition A.11(b) gives each share in the band a
slot with the example’s counts, and its entry formula gives entry p + (1 — p)v/2 at r; and
p at rp, as at the example’s slot, whose top posterior lies in the band too. Such a slot has

m =(1-9)/2>1-1(rp),soatr; and at rp
pm Ap(r) —k > p[1—1(r)] Ar(r1) — k = 0.024768 > 0,

because Ar(rp) > Ar(ry). Proposition A.10(iv) then gives full two-sided trade as the
unique outcome of the slot at both strengths. The share 0.444444 lies in the band, and by
Proposition A.10(iv) its price gap at ry is pAr(r1)d + (1 — p) w,, (M’). On (rs, h), entry after
a sale and after no order is p, and Proposition A.11(c) at the prior 1/2 gives the share from the

sale impact.

Corollary 2 and Table A.2 give the two equilibria and their intervals. At a full purchase with
class L abstaining, both classes sell with probability b, so a sale meets the posterior 1/2
and earns pAr(r)/2 — k, which is nonpositive exactly when r < ry; for r < r¢ the purchase
recruits and earns A7 (r)(1 — M) — k, which is nonnegative exactly when r > rp. On [rg, ry]
class H buys with probability one, and Corollary A.3(a) at the prior 1/2 gives 4 = 2E[X].
On (ra,rfp) class H mixes, an indifferent informed trader may mix, and the posterior after
a purchase exceeds 7(r), so every rival prepares after a purchase. Corollary A.3(b) gives
s+ =2b[Ar(r)/(2k) — 1] = b [A7p(r)/k — 2] and the failure to identify A.

For ¢ <r < h, R <r < h, so a prepared high-class rival wins with probability one, a prepared
low-class one wins exactly when R < ¢, and Wy = £/r. Proposition A.12(i) gives the win
probability after each order, and (ii) gives the winner gap (M — m) Q = 9(1 — £/r) under full
two-sided trade. Since Wy = 1 and Wy, = {/r falls strictly, Proposition A.12(v) makes the gap
rise strictly. Here D(y) = 1{¢ <y < h},so D(r) —Q = {/r > 0 for { < r < h, the condition
of Proposition A.12(vi). On (rg, k) full two-sided trade holds with 1/2 < 7(r) and E[X] = 0,
so Proposition A.12(iii) and (iv) give Cov(X, 1pep) = (1 = p)x,r(b + 1/2), Cov(X, 1aeq) =
pAQ/2+ (1 —p)xr (b +A/2) Wg. (M), and the second difference (1 — p) x, Wg,. (M), with
Xr, = 1 and y,, = 0. Substituting the example’s slot gives the values stated in (f).

The incumbent distributions strengthen with r, so B, (1/2) falls in by Proposition 1(a), and

143



B,(1/2) < ¢y for r > rg. Proposition A.13(iii) gives a positive mean in every equilibrium at
each such strength. At r; entry after the orders (—1,0,1) is (p, p, 1), and at r; it is p after
every order; the display of Proposition A.13(iii) gives the two means. By Proposition A.13(iv)
and Proposition A.10(ii), the expected price minus the price after no order is (1 — p) x, (b +
A/2) w,(M), the weighted impact difference of (c), which is zero at r,. Substituting the
example’s slot in P(x) =ty + e(x) w,(u(x)) gives the prices stated in (g).

(h) Lemma A.11 gives ry < r¢, so r < rc¢. Under the default tie rules, Corollary 2 and Table A.2
give exactly two equilibria on (rr,ry): an uninformative market and a full purchase with
class L abstaining. In the second, Corollary A.3(a) at the prior 1/2 with s, = A gives f(1),
f(=1) and E[X] = 1/2. Both classes sell with probability b, so the posterior after a sale is
1/2. After no order, the class probabilities are 1 — 2b — A and 1 — 2b, which give u(0) and
1/2 = u(0) = A/[2(2—-4b—2)] = A/[4(1 —v)]. Both posteriors lie below 7(r), so entry after
both orders is p, and P(—1) — P(0) = p [w,(1/2) = w,(u(0))] = pAr(r) [1/2 — u(0)]. After
a purchase the posterior is M > 7(r), so every rival prepares. In the uninformative market
every posterior is 1/2, entry is p after every order, and the three prices coincide. When an
indifferent high-cost rival may prepare with any probability, the threshold pair of Appendix A.4
is an equilibrium on (r4, r;], which contains [rg, ry] by Lemma A.11. In it class L abstains;
class H buys at the rate s, = b [27(r) — 1]/[1 — 7(r)], at which the posterior after a purchase
equals 7(r); and entry after a purchase is e(1) = k/J(r), with J(r) = Ar(r) [1 — 7(r)], at
which class H is indifferent. So class H buys with probability s, /A, the mean order is s /2 by
Corollary A.3(a), the low-class sale earns pA7(r)/2 — k < 0, because the posterior after a sale
is 1/2 and r < ry, and entry is p + [e(1) — p] (b + s4+/2). Substituting the example’s slot at
r = 1.60 gives the values stated in (h). O

A.9 Parameters of the example

This subsection declares the inputs of every computation and records the margin of every strict
hypothesis in the example. Table A.5 gives the example’s parameters, following Section 2: a
declared value is a primitive, and a derived value follows from its definition. The derived values

keep their unrounded definitions in every computation; the decimals are displays.

The signal example. The signal example of Section 6.3 keeps the slot (u, 8, 1), the values & and

¢, the reserve p and the prior 7 of the example, and it declares

p =0.85, cy =7.14, k =0.015, ro=1.1, ry =2.3,
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Table A.5. Parameters of the example.

Object Symbol Value Kind
Class values h, € 10, 1 declared
Reserve p 1/2 declared
Zero-cost probability P 1/4 declared
Preparation costs cL, CH 0, 6 declared
Trading cost k 1/50 declared
Prior n 1/2 declared
Incumbent strengths ro, I'1, 72 6/5, 3, 18/5 declared
Slot mass ratio u=e—1 1.718282 declared
Liquidity order probability B 0.294655, an exact decimal declared
Presence probability A=uB/(1+uB) 0.336122 derived
Liquidity masses b, by 0.195615, 0.272648 derived
Posterior bounds m(m), M(r) 0.268941, 0.731059 derived
Research cost and cap a, A 1/40, 0.336122 declared
Cost distribution Co; € 1/5; 1/10, 1/1000 declared
Signal accuracies ay, ac 0.94, 0.505 declared
Four-class values 01,...,04 1, 1001/1000, 9999/1000, 10  declared
Four-class prior m; 1/4 each declared
High cost, access outside recruitment cpy 12/5 declared
Reserves p 101/100, 11/10, 31/20 declared

Notes. The upright e is Euler’s number. The research cap equals the example’s presence probability, so
research at the cap reproduces the example’s slot. The rows below the rule declare the inputs of single results.
The economies of Table A.4 carry their own declarations in that table.

and the accuracies (ay, ac) = (0.70,0.75). Its primitive margins p, 1 — p, ro — €, r1 —ro, h — ry,
cy and k are positive. Its values compare two strengths within the signal example.
The margins table. Table A.6 lists every strict hypothesis of the paper with its margin in the
example. Each margin is the exact difference between the two sides of its inequality, signed so that
a positive number means that the hypothesis holds; decimals round exact values. A margin that
depends on e lies between two rational bounds rounded outward, and its sign is the common sign of
both bounds. A negative entry marks a comparison economy built to fail its hypothesis, and the table
says which. The bound 8 < 1/3 restricts the domain of the model, and the table records its distance.
The margin of (H3) at the upper end of the band is one distance in three units: ¢y — B,,(M) =
0.002689 in cost units, 7(r2) — M = 0.000334 in posterior units, and r, —r¢ = 0.007341 in strength
units. Given the auction primitives it depends only on the top posterior and on the place of r,, and
in cost units it is the smallest margin of Proposition 2.
The parameter set around the example. Each row of Table A.6 whose hypothesis holds in the
example, taken with the sign that the row requires, is a strict inequality between continuous functions

of the primitives. Together these rows define an open set of primitives that contains the example;
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Table A.6. Strict hypotheses and their margins in the example.

Margin

Value in the example

Result Hypothesis
Proposition 2 and Corollary 1 (prior m = 1/2)
(H1) left Bo(m) <cy
(H1) right cy < B (M)
(H2) left Ao < k
(H2) right k < prA;
(H3) By(M) <cy
Implied Bi(m) <cy
k < pxlAy
By(m) <cu
Slot band u > up
U < Upi
A in its band
Prior range 7 in its range
Domain B<1/3
Ownership egWy (F1) > pWy (Fp)
b + A > 1/2 (sufficient form)
Outbidding rn<h
Decisive advantage (k% - p*)/(2h) < cH
Affordability cu<h-n

Recruitment bound

CH — Bro(n)

Br] (M) - cu

M - 7(r1)

k = Az (ro)

prAr(r) — k

CH — Brz (M)

() -M

CH — Brl (”)

pKAr(r2) — k

CH — Brz (”)

u —82/59

2686/1559 — u

distance to lower, upper end
distance to lower, upper end
1/3-p

et —p (W = 1)
b+a-1/2

h-nr

cu = (B = p*)/(2h)
h—-r—cy

h—cg+N(h-cu)?-p?><h cg-+(h-cqg)?-p?

1.195833
0.217155

0.026059

0.003333

0.024824

0.002689

0.000334

1.708333

0.043127

1.865278

0.328451

0.004617

0.045583, 0.000599
0.032150, 0.000424
0.038678

0.398803

0.031737

32/5

81/80

2/5

2.031373

Proposition 3, Corollary 2 and Corollary A.2 (the example’s path, Lemmas A.10 and A.11)

Path

Uniform affordability
Balance

Squared balance
Order

Priors

Ar > 0, gg > gr, on the path
7(rg) > 1/2

J(r()) <k

pJ(r1) > ki pJ(r2) > k
() <l-p

T(ry) > 1/2

u<19/3

CH < h - r

(A7 (gu —cm)) =0
(Ar (g —cm)?) >0
ro <ra

ra <rr

re <IN

rN <ry

ry <rs

rs <n

P*AT(r1) > k (gives rs < 1)
r <rc

rc <n

> o

T < nﬁ

TA<l-p

TA < Tmax R
purchase at 7, and 7ty

min A7; min(gg — gr.)

T(rg) —1/2
k = J(ro)
pJ —k
l-p-1(r)
T(rn) - 1/2
19/3—u
h-r—-cy

least value of (At (gu — CH))I/A’/[
least value of (At (gu — cu)?)'/[(gH — cH)AY]
A — 1o

F'rF —TA
N —TF
rjg —IrN
rs —ry
ry—rs
P2AT(r) — k
rc —r
rn —rc
ﬂ'.—ﬂ'llf
ﬂ[k};—ﬂ
l-p—71a
Ttmax — TA

Ar(r)[1 = M (mmax) | - k

1/60; 1451/180
0.133117
1283792400
7/240; 0.043048
27/1451
0.154463
4.615052
2/5
9667/8280
937/5520
0.193958
0.073169
0.280750
0.218220
0.158051
0.875852
13/600
0.592659
0.007341
0.103825
0.140739
0.109261
0.009320
0.000343

T When an indifferent high-cost rival may prepare with any probability.
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Table A.6. Strict hypotheses and their margins in the example (continued).

Result Hypothesis Margin Value in the example
Propositions 4 and A.1, Corollary 3 and Lemma A.18 (a = 1/40, A = 0.336122)
Weak By, (1/2) < cu cu — By (1/2) 1.195833

Ar(ro) <k k — Ar(ro) 0.003333
Intermediate PAT(1.65) < 2k 2k — pAr 0.007992

@a(1.55) >0 @a(1.55) 0.004629

a < ay ay — a 0.011763

AR (1.65) < A A—-Ar 0.019439

a > ap(A) a - ayp 0.003531

a < dmono Amono — d 0.136713
Cheap research @, rises on [rg, 7/4] lower bound on ¢, 0.033767

@ (r9) <0 -y (1) 0.022693

@i (ry) >0 @ (ry) 0.017446
Strong Ag () < Kl A-Ag (r1) 0.045583

T(rl) < M/i Mj - ‘r(rl) 0.026059

A< /IE(rz) /IE(rz) -1 0.000599

M; < 1(r) T(r) — M; 0.000334

(U)atry, r oArmy —k —al 0.016421, 0.034723
Branch rr < 1.55 1.55-rg 0.048977

1.65 < r3 ry—1.65 0.027633

ri<rn rN — 13 0.070245
Floor margin @p rises on [rg, 2] smallest piece bound on ¢, 0.011748

rN <TQ Yo —rn 0.419118

ro <ry ru —ro 0.267050

AE(VQ) <A /i—/lE(rQ) 0.101865
Proposition A.2 (full orders held fixed)
Weak row cg < Bo(M) By, (M) - cu 0.879843
Proposition A.3 (¢o = 1/5, half-width £ = 1/10)
Supports Co < Bi(m) By, (m) = &o 2.166179

By(rm) < c- c- = By, (m) 1.095833

cy < B (M) By (M) - ¢y 0.117155
Third economy Co < Ba(m) By, (m) = ¢o 2.072133

By (M) < c_ (fails by design) c¢- - B, (M) -0.097311

same at € = 1/1000 ¢y - &~- B, (M) 0.001689
Proposition A.5 (four classes) and the three-class collision
Separation ps >k ps —k 0.024718

weak range below k k minus the range 0.003333

weak prior profit below cg ¢y minus the profit 1.195875

gH > gL' gq.( - g_[; 8.332667

top group profit above cg profit minus cg 0.216834
Collision B>1/4 B-1/4 0.044655

O<y <1 Yl -y 0.940709; 0.059291

strict class choices choice gaps 0.260795; 0.020627; 0.024768
Proposition A.6: each value cell gives the signal example, then the example
Private exclusion By, (ac) <cu cu - By (ac) 0.052500; 1.150917
Joint entry cu < By (u€ (M) By, (uS (M) - ch 0.045265; 0.020731
Weak order (Qar - 1)Ap(ry) <k k—(2ar - 1)Ap(ro) 0.001455; 0.002611
Strong order k < (2ay - V)pmAr(r) 2ay - D)pmAr(r;) —k  0.018594; 0.019445
One pair By, (u€ (M1)) < ch ca — By (u€ (M) 4.159475; 0.048822
Control, the example no-signal top excluded cy — B (M 1y 0.013904

ac > aj impossible weak bound minus k& 0.049030
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Table A.6. Strict hypotheses and their margins in the example (continued).

Result Hypothesis Margin Value in the example
Proposition A.9 and the example’s reserves: the trading, prior-cost and top-posterior margins of Appendix A.7
Low class excluded, points three margins at ry 0.038167, 1.512521, 0.561220
three margins at ry 0.047239, 1.835008, 0.089706
Low class excluded, bands three margins at ry 0.048076, 1.552083, 0.503375
three margins at r; 0.047572, 1.850833, 0.066568
Deterrence three margins at ry 0.084215, 1.775000, 0.177445
three margins at r| (top-posterior margin negative) 0.057405, 1.950208, —0.078730
PH<p<h-cu/M distance to each end 0.224730, 0.242723
PH > 1) PH — 10 0.125270
Section 8 (full two-sided trade and the two clusters)
Full trade rs <rc;rs <h rc —rs;h—rs 1.468510; 7.875852
M >5/8 M -5/8 0.106059
Band full trade at r; for every share in the band weakest bound 0.024768
v < 200/259 200/259 — v 0.044849
Price gap 2 -3p2>0 2 - 3p? 1/4
Winner gap D(r) > Q(F,) atry;atr D(r)-Q(F,)=¢/r 1/3;5/18
Clusters rg < 1.55;1.65 <rn distances 0.082873;0.097878
purchase at 1.55; low class abstains at 1.65 Arm — k; k — pAr/2  0.006243; 0.003996
purchase recruits at 1.65 B(M) -cy 0.713202

with the bound S < 1/3, the set is relatively open in the model domain. The rows that define the
set leave out the third economy of Proposition A.3 at the half-width 1/10, which is built to fail its
hypothesis; the economy with the same means in the last panel, whose negative top-posterior margin
is its purpose; the row that shows that @¢ > «@; is impossible in the example; and exact ties, such
as r = r¢, U = uj, or the informed share 1 — 2k /(pAr(r1)) at the right end of the band, which are
equilibria under the stated tie rules. For Section 8, the section of the set through the example is
0 < B < 1/3 with the slot band and rg(M) < r < h; on it the uniqueness margin pAr(r)m — k is
positive at every strength and tends to zero as r | rg. The other sections through the example are
the slot band and the prior range of Corollary 1 (Table 2), the cost window of Corollary 1(e), the
cap strip and the cost window of Proposition A.1, the support conditions of Proposition A.3, which
allow every half-width below cy — B,, (M) ~ 0.002689 for all three parts, and the reserve intervals
of Appendix A.7.
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Table A.6. Strict hypotheses and their margins in the example (continued): the economies of Table A.4.

Economy Prior cost Top posterior Weak trade  Purchase Sale Exclusion Ownership

The example ~ 1.195833 0.217155  0.003333 0.024824 0.024824 0.002689  0.398803
Moderate gap  0.033452 0.030137  0.000810 0.003603 0.003603 — 0.398803
Narrow bands  1.195660 0.217192  0.002986 0.024833 0.024833 0.002658  0.398803
Low prior 1.460455 0.109179  0.005455 0.066983 0.012698 0.058137  0.398803
High prior 0.562273 0.123413  0.005455 0.012698 0.066983 0.132569  0.398803
Wide classes  0.021000 0.058891  0.006667 0.023541 0.127671 0.314551  0.349742
Same means  0.025000 —-0.018122  0.020000 0.026343 0.137174 0.447727  0.398803

Notes. Prior cost is cy — By(m), the left side of the high-cost window; top posterior is B1 (M) — cp, its right
side; weak trade is k — Ay, the left side of the trading-cost window; purchase and sale are p(1 — M)A — k and
pmA| — k, the trading margins of the two correct orders at F; exclusion is ¢y — By (M), the exclusion condition;
and ownership is [p + (1 — p)(b + 1) |Wg (F1) — pWg (Fp). The moderate-gap economy has two strengths. In
the last economy the two classes have the same means: its negative top-posterior margin keeps entry at p, and its
ownership margin uses the recruitment coefficient that the economy does not reach.
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